BOUNDEDNESS, COMPACTNESS, AND INVARIANT NORMS
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ABSTRACT. We consider group-valued cocycles over dynamical systems with hy-
perbolic behavior. The base system is either a hyperbolic diffeomorphism or a
mixing subshift of finite type. The cocycle A takes values in the group of invertible
bounded linear operators on a Banach space and is Holder continuous. We consider
the periodic data of A, i.e. the set of its return values along the periodic orbits
in the base. We show that if the periodic data of A is uniformly quasiconformal
or bounded or contained in a compact set, then so is the cocycle. Moreover, in
the latter case the cocycle is isometric with respect to a Holder continuous family
of norms. We also obtain a general result on existence of a measurable family of
norms invariant under a cocycle.

1. INTRODUCTION AND STATEMENT OF THE RESULTS

Group-valued cocycles appear naturally and play an important role in dynamics. In
particular, cocycles over hyperbolic systems have been extensively studied starting
with the work of A. Livsic [Liv71, Liv72]. One of the main problems in this area
is to obtain properties of the cocycle from its values at the periodic orbits in the
base, which are abundant for hyperbolic systems. The study encompassed various
types of groups, from abelian to compact non-abelian and more general non-abelian,
see [NT95, PaP97, Pa99, Sch99, PW01, dLW10, K11, KS10, S15, Gu, KS16] and
a survey in [KtN]. Cocycles with values in the group of invertible linear operators
on a vector space V are the prime examples in the last class. The case of finite
dimensional V' has been well studied, with various applications including derivative
cocycles of smooth dynamical systems and random matrices. The infinite dimensional
case is more difficult and is less developed so far. The simplest examples are given
by random and Markov sequences of operators. In our setting they correspond to
locally constant cocycles over subshifts of finite type. Similarly to finite dimensional
case, the derivative of a smooth infinite dimensional system gives a natural example
of an operator valued cocycle. We refer to monograph [LL] for an overview of results
in this area and to [GKa, M12] for some of the recent developments.
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In this paper we consider cocycles of invertible bounded operators on a Banach
space V over dynamical systems with hyperbolic behavior. The space L(V) of
bounded linear operators on V is a Banach space equipped with the operator norm
I|A|| = sup {||Av]| : v € V| |[v]| < 1}. The open set GL(V) of invertible elements in
L(V) is a topological group and a complete metric space with respect to the metric

d(A,B) =|[A-B|| + A" - B

Definition 1.1. Let f be a homeomorphism of a metric space X and let A be a
function from X to (GL(V),d). The Banach cocycle over f generated by A is the
map A: X X Z — G defined by A(z,0) = Id and forn € N

Alx,n) = A" = A(f" 'z)o---0 Alx) and A(x,—n)=A,"= (A?,nx)_l.

Clearly, A satisfies the cocycle equation AT = A;ﬁkx o A

Cocycles can be considered in any regularity, but Holder continuity is the most
natural in our setting. On the one hand continuity of the cocycle is not sufficient for
development of a meaningful theory even for scalar cocycles over hyperbolic systems.
On the other hand, symbolic systems have a natural Holder structure but lack a
smooth one. Moreover, even for smooth hyperbolic systems higher regularity is rare
for many usual examples of cocycles, such as restrictions of the differential to the
stable and unstable subbundles. We say that a cocycle A is 5-Hoélder if its generator
A is Hoélder continuous with exponent 0 < 5 < 1, i.e. there exists ¢ > 0 such that

d(A(x), Aly)) < cdist(z,y)? for all z,y € X.
For a cocycle A, we consider the periodic data set Ap and the set of all values Ay,
Ap={AL: p=/f*p,pe X, keN} and Ax={Al: z€ X, neZ}.

Our main result is that uniform quasiconformality, uniform boundedness, and pre-
compactness of the cocycle can be detected from its periodic data. Moreover, pre-
compactness implies that the cocycle is isometric with respect to a Holder continuous
family of norms.

Definition 1.2. The quasiconformal distortion of a cocycle A is the function
Qalz,n) = AL - [(AD) 7', 2 € X andn € Z.

Theorem 1.3. Let (X, f) be either a transitive Anosov diffeomorphism of a compact
connected manifold or a topologically mizing diffeomorphism of a locally maximal
hyperbolic set or a mizing subshift of finite type (see Section 2 for definitions). Let
A be a Holder continuous Banach cocycle over f.

(i) If there exists a constant Cpe, such that Qa(p,k) < Cper whenever f¥p = p,
then A is uniformly quasiconformal, i.e. there exist a constant C' such that

Qa(z,n) < C foralxe X andn € Z.
(ii) If the set Ap is bounded in (GL(V'),d), then so is the set Ax.
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(iii) If the set Ap has compact closure in (GL(V),d), then so does the set Ax.

(iv) If the set Ax has compact closure in (GL(V'),d) then there exists a Hélder
continuous family of norms ||.||z on V' such that

Ae: (V) = (Vo | lgz) is an isometry for each x € X.

We note that the closures in (iii) are not the same in general. For example, if
A is a coboundary, i.e. is generated by A(z) = C(fx) o C(z)~! for a function C :
X — GL(V), then Ap = {Id} while Ax is usually not. The question whether
Ap = {Id} characterizes coboundaries has been studied over several decades and
answered positively for various groups in [Liv72, NT95, PW01, K11, Gu].

Remark 1.4. We can view the cocycle A as an automorphism of the trivial vector
bundle V = X x V' which covers f in the base and has fiber maps A, : Vi — Vig.
Theorem 1.3 holds in the more general setting where X x V is replaced by a Holder
continuous vector bundle V over X with fiber V' and the cocycle A is replaced by an
automorphism F 1V — V covering f. This setting is described in detail in Section
2.2 of [KS13| and our proofs work without any significant modifications.

Theorem 1.3 extends results for finite dimensional V' in [KS10, dLW10, K11]. The
infinite dimensional case is substantially different. The initial step of obtaining fiber-
bunching of the cocycle from its periodic data relies on our new approximation re-
sults [KS16]. The finite dimensional boundedness result is extended in two directions:
boundedness and pre-compactness, as the latter does not follow automatically. Ex-
istence of a continuous family of norms requires a new approach. Indeed, on a finite
dimensional space the set of Euclidean norms has a structure of a symmetric space of
nonpositive curvature which was used in the arguments, but in infinite dimensional
case there is no analogous metric structure. We consider a natural distance on the
set of norms but the resulting space is not separable so we work with a small subset.
The following general result yields a measurable invariant family of norms and then
we show its continuity.

Proposition 1.5. Let f be a homeomorphism of a metric space X and let A be a
continuous Banach cocycle over f. If the set of values Ax has compact closure in
GL(V), then there exists a bounded Borel measurable family of norms ||.||. on V such
that Ay @ (V. ||.Ilz) = (V, ||-llfz) is an isometry for each v € X.

Theorem 1.3 yields cocycles with a “small” set of values Ax, which are relatively
well understood. For example, a cocycle satisfying the conclusion (ii) of the theorem
has bounded distortion in the sense of [Sch99], i.e. there exists a constant ¢ such that

d(ABl, ABQ) S Cd(Bl, BQ) and d(BlA, BQA) S Cd(Bl7 BQ)

for all A € Ax and all By, By € GL(V). Some definitive results on cohomology of
such cocycles were obtained by K. Schmidt in [Sch99]. These results can be extended
to cocycles satisfying the conclusion of (i) by considering the quotient by the group
of scalar operators.
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2. SYSTEMS IN THE BASE

Transitive Anosov diffeomorphisms. Let X be a compact connected manifold.
A diffeomorphism f of X is called Anosov if there exist a splitting of the tangent
bundle T'X into a direct sum of two D f-invariant continuous subbundles E* and E*,
a Riemannian metric on X, and continuous functions v and © such that

(2.1) 1D fe(v*)]| <v(z) <1 <(x) <|[Dfa(v)]

for any z € X and unit vectors v* € E*(x) and v* € E%(x). The subbundles E*
and E* are called stable and unstable. They are tangent to the stable and unstable
foliations W* and W*" respectively (see, for example [KtH]). Using (2.1) we choose a
small positive number p such that for every € M we have |Df,|| < v(x) for all y
in the ball in W#(z) centered at x of radius p in the intrinsic metric of W*(z). We
refer to this ball as the local stable manifold of = and denote it by W} (x). Local
unstable manifolds are defined similarly. It follows that for all n € N and =z € X,

dist(f"z, f'y) < vy -dist(z,y) for all y € W .(x),
dist(f "z, f"y) < v, " - dist(x,y) for all y € Wi (x),

where 1" = v(f" 'z)---v(z) and ;" = ((fz))" - (0(f 7 z))"t. We also as-
sume that p is sufficiently small so that W (xz) N W} (z) consists of a single point
for any sufficiently close x and z in X. This property is called local product structure.

A diffeomorphism is said to be (topologically) transitive if there is a point z in X
with dense orbit. All known examples of Anosov diffeomorphisms have this property.

Mixing diffeomorphisms of locally maximal hyperbolic sets. (See Section 6.4
in [KtH] for more details.) More generally, let f be a diffeomorphism of a manifold
M. A compact f-invariant set X C M is called hyperbolic if there exist a continuous
D f-invariant splitting Tx M = E° @ E*, and a Riemannian metric and continuous
functions v, 7 on an open set U D X such that (2.1) holds for all z € X. Local stable
and unstable manifolds are defined similarly for any + € X and we denote their
intersections with X by W} (x) and W}/ _(y). The set X is called locally mazimal if
X = (V,ez f7"(U) for some open set U D X. This property ensures that W (z) N
WY (y) exists in X, so that X has local product structure. The map f|x is called
topologically mixzing if for any two open non-empty subsets U,V of X thereis N € N
such that f*(U)NV #0 for alln > N.

In the case of X = M this gives an Anosov diffeomorphism. It is known that mixing

holds automatically for transitive Anosov diffeomorphisms of connected manifolds.
Mixing subshifts of finite type. Let M be k x k matrix with entries from {0, 1}
such that all entries of M are positive for some N. Let

X={z=(zp)nez : 1<2,<k and M,

Tn, Tnt1

=1 for every n € Z}.
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The shift map f: X — X is defined by (fx), = x,.+1. The system (X, f) is called a
mizing subshift of finite type. We fix v € (0,1) and consider the metric

dist(z,y) = d,(z,y) = v"®¥ | where n(z,y) =min{|i| : z; # y;}.

The set X with this metric is compact. The metrics d, for different values of v are
Holder equivalent. The following sets play the role of the local stable and unstable
manifolds of x

Wige(w) ={y: wi=y;, =20}, Wy(r)={y: zi=y, i<0}
Indeed, for all x € X and n € N,
dist(f"x, ffy) = v dist(z,y) for all y € W (),
dist(f "z, f"y) = v"dist(z,y) for all y € Wi (z),

and for any z,z € X with dist(z,z) < 1 the intersection of W (x) and W}.(2)
consists of a single point, y = (y,) such that y,, = z,, for n > 0 and y,, = z, for n < 0.

3. PrROOFS OF THEOREM 1.3 AND PROPOSITION 1.5

3.1. Fiber bunching and closing property. First we show that the cocycle A is
fiber bunched, i.e. Q(x,n) is dominated by the contraction and expansion in the base
in the following sense.

Definition 3.1. A -Hélder cocycle A over a hyperbolic diffeomorphism f is fiber
bunched if there exist numbers 8 < 1 and L such that for all x € X and n € N,

(3.1) Qa(z,n)- (WM’ < LO" and Qu(x,—n)-(0;")° < L™
For a subshift of finite type, v(x) = v and v(x) = 1/v, and so the conditions become
Qalx,n) - v < Lo for alln € Z.

Fiber bunching plays an important role in the study of cocycles over hyperbolic
systems. In particular, it ensures certain closeness of the cocycle at the points on the
same stable/unstable manifold.

Proposition 3.2. [KS13, Proposition 4.2(i)] If A is fiber bunched, then there exists
¢ > 0 such that for any x € X andy € W (z),

n\—1 n ; B
[(A)) " o Ay — Id|| < cdist(z,y)”  for every n € N,
and similarly for any x € X andy € W (x),
—n\—1 -n : B8
[(A,") " o A" = Id|| < cdist(x,y)”  for every n € N.

This proposition was proven in the finite dimensional case but the argument holds
for Banach cocycles without modifications.
The base systems that we are considering satisfy the following closing property.
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Lemma 3.3. (Anosov Closing Lemma [KtH, 6.4.15-17]) Let (X, f) be a topologically
maxing diffeomorphism of a locally mazimal hyperbolic set. Then there exist constants
D, & > 0 such that for any v € X and k € N with dist(x, f¥x) < &y there exists a
periodic point p € X with f*p = p such that the orbit segments x, fx, ..., f*z and
D, [0, .., f¥p remain close:

dist(f'z, f'p) < Ddist(z, f*z) for every i =0, ..., k.

For subshifts of finite type this property can be observed directly. Moreover, for
the systems we consider there exist D’ > 0 and 0 < v < 1 such that for the above
trajectories

(3.2) dist(fz, f'p) < D'dist(z, fFz) 4™ ek~ for every i =0, ..., k.

Indeed, the local product structure gives existence of a point y = W _(p) N Wi (z).
Then the contraction/expansion along stable/unstable manifolds yields the exponen-
tial closeness in (3.2).

We obtain fiber bunching of the cocycle A from the following proposition. Clearly,
the assumption in part (i) of the theorem is weaker then the ones in (i-iv), and so it
suffices to deduce fiber bunching from the assumption in (i).

Proposition 3.4. [KS16, Corollary 1.6(ii)] Let f be a homeomorphism of a compact
metric space X satisfying the closing property (3.2) and let A be a Hélder continuous
Banach cocycle over f. If for some numbers C' and s we have

Q(p, k) < Ce**  whenever p = f*p,
then for each € > 0 there exists a number C! such that

Q(x,n) < CL el forallz € X andn € Z.

We apply the proposition with s = 0 and take € > 0 such that

ev? <1 and e(07)” <1, where v =maxv(z) and 7! = maxp(x)".
€T €T

Then the fiber bunching condition (3.1) are satisfied with
0 = max {ev’, (07"} and L =C.

3.2. Proof of (i). Now we show that quasiconformal distortion of A is bounded
along a dense orbit. Since f is transitive, there is a point z € X such that its orbit

O(z) ={f"z: ne€Z} isdensein X.
We take ¢y sufficiently small to apply Anosov Closing Lemma 3.3 and so that
(14¢0)/(1—edf) <2, where ¢ is as in Proposition 3.2.

Let f™z and f"z be two points of O(z) with § := dist( ™'z, f*?2) < §y. We assume
that n; < ng and denote

w=f"2 and k=ny—mny, sothat &= dist(w, ffw) < .
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Then there exists p € X with f¥p = p such that dist(f*w, fip) < D6 for i =0, ..., k.
Let y be the point of intersection of W; (p) and W} (w). We apply Proposition 3.2
to p and y and to f*y and f*w and obtain

||(A];)_1 OAI; —Id| < 6’ and

3.3
(39 S o (A5 — T = (A o Azt~ 1d] < 5"

Lemma 3.5. Let A, B € GL(V). If either |A™'B — Id|| < r or |AB™' — Id|| <r
for some r < 1, then

(1=r)/(1+7) <Q(A)/Q(B) < (1+r)/(1—-r),
where Q(A) = ||A[| - |A™Y| and Q(B) = ||B|| - ||B~"]|
Proof. Clearly, Q(A) = Q(A™") and Q(A142) < Q(A1)Q(A2).
Suppose that |A™'B —Id|| < r. We denote A = A™'B —Id. Since for any unit

vector v, 1 —7 < ||[(Id + A)v|| < 1+, we have Q(Id + A) < (1 +7)/(1 —r).
Since B = A (Id + A) we obtain

Q(B) < Q(A) - QId+A) < Q(A) - (14 7)/(1—r).
Also, A=t = (Id + A)B~! and hence
Q(A) =Q(A™) < QUA+A)-QB™) < (1+1)/(1—1)-Q(B),
and the estimate for Q(A)/Q(B) follows. The case of ||AB™1 —1Id || < r is similar. [

It follows from the Lemma 3.5 and the choice of dy that
Qy, k)/Qp. k) < (14 ¢6”)/(1 = cd”) <2 and  Q(w,k)/Q(y, k) < 2,

and hence
Q(wa k) = Q(fn127 ng — nl) S 4Q<p7 k) S 4Cper-
We take m € N such that the set {f7z; |j| < m} is dp-dense in X. Let
Qm = max{Q(z,5) : [j| <m}.
Then for any n > m there exists 7, |j| < m, such that dist(f"z, f/2) < §y and hence
Q(z,n) <Q(2,7) - Q(f' 2z, n = j) < Qu - 4Cher.

The case of n < —m is similar. Thus Q(z,n) is uniformly bounded in n € Z, and
hence Q(f*z,n) is uniformly bounded in ¢,n € Z since

Q(ff2,n) <Q(f'z,—0)-Q(z,n+1) = Q(2,0) - Q(z,n + 1).

Since O(z) is dense in X and Q(z,n) is continuous on X for each n, this implies that
Q(z,n) is uniformly bounded in z € X and n € Z.
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3.3. Proof of (ii). Since the set Ap is bounded, there is a constant C}, such that
max {[A3], [I(A) 7} < G,

We show that there exists a constant C” such that

max { || A2, [[(A")7|} < C"  for all 2 and n.
Let z, ny, ng, w = f™z, k =ng —ny, y and p be as in (i). Since

(AN = (Id+ ((A5) " o AX —1d)) o (AX) 1,
the first inequality in (3.3) implies

AR M < (14 e0”) - (AR < (14 edg)Cpey < 2G,

per — per

.. whenever f*p=p.

by the choice of dy. Interchanging p and y we obtain |[(A)~' o A¥ —1d || < ¢6” and
it follows that [|A%| < 2C7,,.

MG < (1 +eo”) - ARl < 2l A and [I(AL) 7] < 2]l (A} 7",

and we conclude that [|AL|| < 4C),, and [|(A%)7!| < 4C),,. Tt follows similarly to
(i) that max {|[A”]|, [[(A™)~]|} is uniformly bounded in x € X and in n € Z.

Similarly, the second inequality in (3.3) yields

3.4. Proof of (iii). Now we show that if the set Ap has compact closure, then so
does Ax. It suffices to prove that Ay is totally bounded, i.e. for any € > 0 it has a
finite e-net. Since Ay is bounded by (iii), we can choose a constant M such that

JA|l, [AY] < M for all A € Ay,

We fix §p > 0 sufficiently small to apply Anosov Closing Lemma 3.3 and so that
AM?c8) < €/2 and take € such that 4M2cd) + Me' < e. We fix a finite €-net
P, ={P,.., P} in Ap. Asin (i), we take a point z with dense orbit and choose
m € N such that the set {f7z : |j| < m} is dp-dense in X. We will show that the set

P.={PoAl : i=0,1,....¢, |j| <m}, where Py=1Id,
is a finite e-net for {A? : n € Z}. Clearly, A” € P. for |n| < m.
Suppose n > m, the argument for n < —m is similar. Then there exists j with
|7| < m such that § = dist(f7z, f"z) < § and hence for z = f/z and k = n — j there

is p = f*p such that such that dist(f’x, fip) < DJ for i = 0,...,k. Then it follows
from the first inequality in (3.3) that for y = W2 (p) N Wi.(x),

IAE — A% = [Af o ((A5)™ o AE —Td) || < [AJ]| - [(AF) ™ 0 AE —Td) || < Mco?,
similarly,
1A ™ = (A) T = II((A) " o Ay — Td) o (A7) 1| < Med?,

and so
d(As, AS) = [ AS = A+ (A5 = (A < 2Mes”.
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It follows similarly from the second inequality in (3.3) that d(A}, AY) < 2Mco®.
Thus

d(Ay, A%;,) = d(A), AL) <AMc® =: 67
Also, there exists an element P; of the ¢’-net P, such that d(/l’;, P;) < €. So we have
d(A’Jijz, P) < 8P + €. Then, as A" = A’Jijz o A7, by Lemma 3.6 below we have
d(AZ, Pio Al) = d(A%;, 0 AL, Pio AD) < M(d° +¢€) <.

Lemma 3.6. If for each of A, fl: B,ﬁ e GL(V) the norm and the norm of the inverse
are at most M, then d(Ao B,Ao B) = M(d(A,A)+d(B, B)).
Proof. Adding and subtracting A o B we obtain

|AoB—AoB| < A= A|-|B| + | A] - B~ B|l < M(||A— A| +||B - BJ).
Similarly |[A " o B'— Ao B < M(|A — A7 Y|+ ||B' = B7Y|). O

We conclude that the set P, is a finite e-net for the set {A” : n € Z} and hence
this set is totally bounded. It follows that so is the set {A%, : i,n € Z}. Indeed, if

{Py,..., Py} is an e-net for {A” : n € Z}, then
{Po(P)™: 1<i,j<N}
is a 2Me-net for {A"; : i,n € Z}. This follows from Lemma 3.6 since
d(A,B) =d(A™",B™") and Al =AM o (A"

Since the orbit of z is dense in X, the set {A%; : i,n € Z} is dense in the set Ax
and hence this set is also totally bounded and its closure is compact.

3.5. Proof of Proposition 1.5. We denote by N the space of all norms ¢ on V

which are equivalent to the fixed background norm ¢, = ||.||, and by Nk the subset
of the norms equivalent to ||.|| with a constant K > 0, i.e.
(3.4) N ={¢: K| <o) <K|v| forallveV}.

We consider the following metric on N. Let B, and By be the closed unit balls in V'
with respect to norms ¢; and @y in N. We define

(3.5) dist(p1, p2) =log min{t > 1: By CtBy and By C B},

where tB = {tv : v € B}. It is easy to check that the minimum is attained and that
this is a distance on N. Moreover,

(3.6) dist(e1, @) =log min {t > 1: t 'ps(v) < p1(v) < tpy(v) for each v € V' },

and hence diamNg = 2log K as Nk is the closed ball of radius log K centered at ¢q.
We note that the space Ng with this metric is not separable in general.
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Lemma 3.7. For each K > 0, the distance on Nk given by (3.5) is equivalent to
dist (p1, p2) = sup { [p1(v) — @2(v)] = [vf| < 1},
and hence the metric space (Ng, dist) is complete.
Proof. Let a = dist(¢1, ¢2). Then by (3.6) for any v with [|v|| < 1 we have
wa(v) < e%pi(v) and hence @a(v) —p1(v) < (e —1)p1(v) < (e — 1)K,

and similarly, ¢1(v) — p2(v) < (e* — 1)K. Using the mean value theorem and the
fact that a < diamNg = 2log K we obtain

dist’ (1, p2) < K(e® — 1) < Ke?'5Kq = K3dist(¢1, 2).
Let b = dist'(¢1, p2). Then |¢;(v) — pa(v)| < b for all v with ||v]| < 1, and hence
lp1(v) — p2(v)| < Kb for all v with ||| < K.
Suppose that v € By. Then
e1(v) <1 = |v|| <K = pa(v) <1(v) + Kb< 1+ Kb
and hence By C (1 + Kb)By. Similarly, By C (1 + Kb)B; and so
(3.7) dist(¢1, p2) < log(l + Kb) < Kb = K dist'(¢1, p2).

So the two metrics on Ng are equivalent. It is easy to see that (Ny,dist’) is
complete as a closed subset of the complete space of bounded continuous functions
on the unit ball, and hence (N, dist) is also complete. O

Now we construct a Borel measurable family of norms ¢, = ||.||. in Ng such that
Az (Vo |Illz) = (Vi ||lf) is an isometry for each € X. For a norm ¢ € N and
an operator A € GL(V') we denote the pull-back of ¢ by A*p(v) = ¢(Av). The
convenience of the metric (3.5) is that, as A(B;) C tA(B,) if and only if By C tBo,
the pull-back action of GL(V') on N is isometric, i.e.

dist(A*p1, A%py) = dist(p1,p2) for any A € GL(V) and ¢q,ps € N.
Lemma 3.8. For any ¢ € N and A A€ GL(V) such that ¢, A*p, A*p € Nk, we
have dist(A*p, A*p) < K*||A — A|l.

Proof. We denote ||All, = sup { ¢(Av) : p(v) < 1}. It follows from (3.4) that
IAlly < sup { K| Av] : |lo]] < K} < K*[|A]l.
For any v with [|v|| < 1 we have
[p(Av) = p(Av)| < p(Av—Av) < A= Ally o(v) < K*|A=A|l- K|Jol| = K*[[ A= All.
It follows that

dist'(A*p, A"p) = sup {|p(Av) — p(Av) | : [jv] <1} < K*||A A,

and using (3.7) we conclude that
dist(A*p, A*p) < Kdist'(A*p, A*p) < K*|A — A||. O
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We denote A = Cl(Ax). We fix K such that K > ||Al|,||A7!|| for all A € A and
consider the corresponding space of norms Ng. Then A*p, € N for each A € A
as K| < ||(A*@o)(v)|| = ||Av|| < K]|v||. Lemma 3.8 implies that the function
A+ A*ypyg is continuous in A, and since the set A is compact in GL(V), its image
under this function

Ny=Cl{(A})'po: € X, n€Z} C Nk is compact.

We also note that A*¢ € Ng for any A € A and ¢ € Ng.

Since all norms in N, are equivalent, the intersection of the unit balls By, ..., B,
for finitely many of these norms @1, ..., ¢, € Ny is the unit ball of an equivalent norm
¢ = max{®1, ..., pn} in Ng. We consider the set Ny of all such norms ?,

Ny={¢=max{ps,...on}: n€N, @1, ..., 0, € Ng} C Ng.
Lemma 3.9. The set Ny = CI(Ny) is a compact subset of Ni.

Proof. Tt suffices to show that Ny is totally bounded. Let P = {1, ...,on} be an
e-net in Ny and let P be the set of all possible maxima of subsets of P. Then P is
an e-net in N4 since

(3.8) dist(max{®1, ..., pn}t, max{@y, ..., on}) < max{dist(v1, P1), ..., dist(¢n, ¢n)}-

Indeed, if the right hand side equals logt then for the corresponding unit balls we
have By C tBq, ..., B,, C tB,, and it follows that

BiN..NB, CtBN...NtB, = t(B1N..NBy).

Similarly, By N...NB, C #(By N ...N B,), and so the left hand side of (3.8) is at
most logt. O

For each x € X we consider the pullbacks of the background norm by A? and let
e =max{(A2)*po: |n| <m} and ¢, =sup{(A2)*po: n€Z}.

We note that ¢, is the norm whose unit ball is the intersection of the unit balls of
e m € N, or equivalently the unit balls of (AZ})*po, n € Z. We claim that

¢, = lim ¢ in (Ng,dist) for each x € X.
m—ro0

Indeed, for each v € V' the sequence ¢7'(v) increases and converges to ¢, (v). Since
the sequence ¢™ lies in the compact set N, any subsequence has a subsequence
converging in (N, dist), whose limit must be .. This implies, by contradiction,
that ™ converges to @, in (N4, dist). Note that compactness of Ny is crucial here.

Since (A?)*po depends continuously on x for each n, the inequality (3.8) yields
that ' is a continuous function on X for each m. We conclude that the pointwise
limit ¢, is a Borel measurable function from X to Ny C Ng. By the construction,
0p = (AZ)*pn, for all x € X and n € Z. In other words, ¢, is an invariant section
of the bundle N' = X x N4 over X.
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3.6. Proof of (iv). We keep the notations of the previous section. By Proposition
1.5, there exists a Borel measurable family ¢, of norms in Nk invariant under the
cocycle. Let p be the Bowen-Margulis measure of maximal entropy for (X, f). We
show that the family ¢, coincides p almost everywhere with a Holder continuous
invariant family of norms. First we consider z € X and z € W (z). We denote
x, = f"x and z, = f"z. Since the family of norms ¢, is invariant and the action of
GL(V') on norms is isometric, we have

dist(pz, 2) = dist (A7) ¢, (AZ)"02,)
< dist ((A3)"¢a,, (A7) ¢,) +dist (A7) ¢s,, (A})"02,)
< dist(¢z,, ©z,) + dist (@2, (AL 0 (A7) )¢z, ) .
By Proposition 3.2 for all n € N we have ||(A?) 1o A? —1d || < cdist(x, y)? and hence
IAZ o (A7)~ = 1d|| < JAZ]l - (A7) 0 AZ = Td || - [|(AD) ]| < KPcdist(, 2)”
since ||A?], [[(A")7Y| < K for all z and n. Then by Lemma 3.8 we have
dist (i, (A2 o (AD) )% p.,) < K®||AZ o (AD) ' —1d || < K'cdist(z, 2)°

as @,, € Nk and hence (A% o (A")"1)*p,, € Nio.

Since the the space (N, dist) is compact and hence separable, we can apply Lusin’s
theorem to the function ¢ : z + ¢, from X to N4. So there exists a compact set
S C X with p(S) > 1/2 on which ¢ is uniformly continuous. Let Y be the set of
points in X for which the frequency of visiting S equals p(S) > 1/2. By Birkhoff
ergodic theorem p(Y) = 1. If both  and z are in Y, then there exists a sequence
{n;} such that z,, € S and z,, € S. Since z € W} (x),

dist(zn,, 2n,) — 0 and hence dist(¢s, ,¢., ) — 0
by uniform continuity of ¢ on S. Thus we conclude that for z,z € Y with z € W} (z)
dist (s, v.) < Kcdist(z, 2)? =: eydist(z, 2)”.

Similarly, for z,y € Y with y € W (z) we have dist(p,, ¢,) < cidist(z, y)”.

We consider a small open set in X with product structure, which for the shift case
is just a cylinder with a fixed 0-coordinate. For almost every local stable leaf, the set
of points of Y on the leaf has full conditional measure of u. We consider x,y € Y
which lie on two such local stable leaves and denote by H, , the holonomy map along
unstable leaves from W} (x) to W .(y):

fOI‘ z € VVZZC("E)? Hx,y(z) = VVZ?)C(Z) N VVlsoc(y) € VVlsoc(y)

It is known that the holonomy maps are absolutely continuous with respect to the
conditional measures of p, which implies that there exists a point z € W (z) NY
close to x such that 2’ = H, ,(z) is also in Y. By the argument above we have

dist(pz, ©,) < cldist(x,z)ﬁ, dist (., ) < crdist(z, z')ﬂ, dist(p., y) < cldist(z',y)ﬁ.
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Since the points x, y, and z are close, by the local product structure we have
dist(z, 2)? 4 dist(z, 2/)? + dist(2, )? < ¢y dist(z,y)”.

_ Hence, we obtain dist(¢z, ) < c3dist(z, y)? for all z and y in a set of full measure

Y C Y. We can assume that Y is invariant by taking (°2___ f"(Y"). Since p has full

support, the set Y is dense in X, and hence we can extend @ from Y and obtain an
invariant Holder continuous family of norms ||.||, on X. O
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