FIBER BUNCHING AND COHOMOLOGY FOR
BANACH COCYCLES OVER HYPERBOLIC SYSTEMS

VICTORIA SADOVSKAYA*

ABSTRACT. We consider Holder continuous cocycles over hyperbolic dynamical sys-
tems with values in the group of invertible bounded linear operators on a Banach
space. We show that two fiber bunched cocycles are Holder continuously cohomol-
ogous if and only if they have Holder conjugate periodic data. The fiber bunching
condition means that non-conformality of the cocycle is dominated by the expansion
and contraction in the base system. We show that this condition can be established
based on the periodic data of a cocycle. We also establish Holder continuity of a
measurable conjugacy between a fiber bunched cocycle and one with values in a set
which is compact in strong operator topology.

1. INTRODUCTION AND STATEMENTS OF THE RESULTS

Cocycles play an important role in dynamics. Cohomology of real-valued and, more
generally, group-valued cocycles over hyperbolic systems has been extensively studied
starting with the seminal work of A. Livsic [Liv71], see [KtN] for an overview. The
study has been focused on obtaining cohomology of two cocycles from their periodic
data, i.e. the values at the periodic points of the base system, and on regularity
of transfer map, or conjugacy, between two cocycles. Livsic resolved the case of
cocycles with values in R or an abelian group and made some progress for more
general groups. For smooth dynamical systems, the differential and its restrictions
to invariant sub-bundles give important examples of cocycles. This motivated in
part the extensive research of GL(n,R) and Lie group valued cocycles. Cohomology
problems for cocycles with values in non-abelian groups are much more difficult. The
case when one of the cocycles is the identity has been studied most and by now is
relatively well understood, see for example [Liv72, NT95 PWa01, LW10, K11, GG].
The cohomology problem for two arbitrary cocycles does not reduce to this special
case for non-abelian groups. This problem was first considered in [Pa99| for compact
groups and in [Sch99] for cocycles with “bounded distortion”. The most general
results for GL(n,R) were established in [S15] for fiber bunched cocycles. One of
these results was also independently obtained in [B15].
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Keywords: Cocycle, cohomology, hyperbolic system, periodic point, fiber bunching, Banach space.
* Supported in part by NSF grant DMS-1301693.

1



FIBER BUNCHING AND COHOMOLOGY FOR BANACH COCYCLES 2

The infinite dimensional case is more difficult and so far is much less developed.
For two arbitrary cocycles with values in the group of diffeomorphisms of a compact
manifold, higher regularity of the conjugacy was studied in [NT98] and recently coho-
mology of cocycles with equal periodic data was obtained in [BK16] under a certain
bunching assumption on both cocycles. In this paper we extend the results for finite
dimensional linear cocycles to the infinite-dimensional setting. We consider cocycles
with values in the group of invertible operators on a Banach space V. The simplest
examples are given by random and Markov sequences of operators. They correspond
to locally constant cocycles over subshifts of finite type.

The space L(V') of bounded linear operators on V' is a Banach space equipped with
the operator norm ||A|| = sup{||Av|| : v € V, ||v|| < 1}. The open set GL(V) of
invertible elements in L(V) is a topological group and a complete metric space with
respect to the metric

(1.1) d(A,B) =|[A-B|| + A" - B

Definition 1.1. Let f be a homeomorphism of a compact metric space X and let A
be a function from X to (GL(V),d). The Banach cocycle over f generated by A is
the map A : X X Z — G defined by A(x,0) = Id and for n € N,

Alz,n) = Al = A(f"'z)o-- 0 Alx) and A(x,—n)=A."=(A}.,) "

Clearly, A satisfies the cocycle equation A" = A, 0 AE.

We say that the cocycle A is B-Holder if its generator A is Holder continuous with
exponent 0 < B < 1 with respect to the metric d, i.e. there exists K > 0 such that

d(A(x), Aly)) < Kdist(z,y)? for all z,y € X.

Holder continuity is needed to develop a theory even for scalar cocycles. On the
other hand, higher regularity is rare for cocycles given by restrictions of the differential
of an Anosov diffeomorphism to the stable and unstable subbundles. Additionally,
symbolic dynamical systems have a natural Holder structure, but not a smooth one.

Definition 1.2. The quasiconformal distortion of a cocycle A s the function
Qaz,n) = A - (AD) ', 2 € X andn € Z.

The quasiconformal distortion is a measure of non-conformality of the cocycle. If
Qua(z,n) < K for all = and n, the cocycle is said to be uniformly quasiconformal, and
if Qa(x,n) =1 for all x and n, it is said to be conformal.

Next we define fiber bunching of a cocycle. This condition means that non-con-
formality of the cocycle is dominated, in a sense, by the contraction and expansion
in the base given by the functions v and 7 in (2.1) and (2.2). In particular, bounded,
conformal, and uniformly quasiconformal cocycles are fiber bunched.
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Definition 1.3. A 5-Hélder cocycle A over a hyperbolic system (X, f) as in Section 2
1s fiber bunched if there exist numbers 0 < 1 and L such that for allxz € X andn € N,

(1.2) Qa(z,n)- (WM’ < L™ and Qu(x,—n)-(0;")° < Lo,
where v =v(f"z)---v(z) and ;" = (D(f"x))" - (0(f )7

This condition guarantees convergence of certain iterates of the cocycle along the
stable and unstable leaves, and it plays an important role in the study of non-
commutative cocycles. We use the weakest, “pointwise”, version of fiber bunching
with non-constant estimates of expansion and contraction in the base.

Standing Assumptions 1.4. In the results below, (X, f) is any of the transitive
hyperbolic systems described in Section 2, and A and B are 5-Holder Banach cocycles
over f.

The next proposition allows us to obtain fiber bunching of a cocycle A from fiber
bunching of its periodic data.

Proposition 1.5. Suppose that for a cocycle A there exist numbers 0 < 1 and L
such that whenever f*p =p, k € N, we have,

(1.3) QuipK) - ) < L8 and Qulp,—k) - (9;")° < L
Then A is fiber bunched.

It follows that a cocycle with periodic data conjugate to that of a fiber bunched
cocycle via a bounded conjugacy is also fiber bunched.

Definition 1.6. We say that Banach cocycles A and B have conjugate periodic data
if for every periodic point p = f*p there exists C(p) € GL(V) such that

B, = C(p) oAy o Clp) "

Corollary 1.7. Suppose that A is fiber bunched and B has conjugate periodic data
with bounded conjugacy, i.e. max{||C(p)||, |C(p)~*||} < M, where M is a constant
independent of p. Then B is also fiber bunched.

A natural equivalence for cocycles is cohomology, i.e. existence of a conjugacy,
which can be considered in various regularity classes.

Definition 1.8. Cocycles A and B are (measurably, continuously) cohomologous if
there exists a (measurable, continuous) function C : X — GL(V), called a conjugacy
or a transfer map between A and B, such that

(1.4) A =C(f"z)oB o C(x)™t  forallz € X andn € Z.

Clearly, if two cocycles are continuously cohomologous, then they have conjugate
periodic data. The converse is not true in general even when V' is two-dimensional
and C(p) is bounded [S13]. If C'(p) is Hélder, conjugating B by the extension of C'
reduces the problem to the case of equal periodic data, i.e. A} = BJ. Positive results
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for equal periodic data, as well as some results for conjugate data, were established
by W. Parry [Pa99] for compact G and, somewhat more generally, by K. Schmidt
[Sch99] for cocycles with “bounded distortion”. First results outside this setting were
obtained in [S13] for certain types of GL(2,R)-valued cocycles. In [S15] we considered
GL(n,R)-valued cocycles over hyperbolic systems. We showed that if a cocycle A is
fiber bunched and B has equal periodic data, then A and B are Holder continuously
cohomologous. Moreover, we obtained Holder cohomology under the assumption that
A is fiber bunched, B has conjugate periodic data and the conjugacy C(p) is f-Holder
continuous at a fixed point of f. In the following theorem we extend the results to
Banach cocycles and remove the assumption that f has a fixed point.

Theorem 1.9. Suppose that a cocycle A is fiber bunched, B has conjugate periodic
data, and C(p) is B-Holder continuous at a periodic point po, i.e. there ezists a
constant ¢ such that d(C(p),C(py)) < cdist(p,po)? for every periodic point p.

Then there exists a unique B-Héolder continuous conjugacy C' between A and B such

that C(po) = C(po)-

We do not assume fiber bunching for B as it follows immediately from Corollary 1.7.

We note that C(p) does not necessarily coincide with C(p) for p # po. For example,
let B =1Id and let A, = C(fr)oC(x)™' = C(fx)oB,oC(x)~t, where C is a Holder
continuous function with C'(py) = Id. Then Ay = B = Id whenever p = f"p, and
so we can take C'(p) = Id for each p.

Corollary 1.10. Suppose that a cocycle A is fiber bunched and a cocycle B has equal
periodic data, 1i.e. A’; = B’; whenever p = f¥p. Then the cocycles are B-Holder
continuously cohomologous.

In particular, if B is a cocycle with B’; = Id whenever p = f*p, then B is B-Holder
continuously cohomologous to the identity cocycle.

The second part of this corollary was recently obtained by G. Grabarnik and M.
Guysinsky for cocycles with values in Banach algebras [GG].

Next we consider the question whether a measurable conjugacy between two cocy-
cles is continuous, i.e. coincides with a continuous conjugacy on a set of full measure.
Measurability is understood with respect to a suitable measure, for example the
measure of maximal entropy or the invariant volume. This problem was also first
considered in the case when one of the cocycles is the identity. The first result be-
yond this case was obtained by K. Schmidt [Sch99] for two cocycles with “bounded
distortion”, the prime examples being uniformly bounded G L(n,R)-valued cocycles
and ones with values in compact groups. A counterexample by M. Pollicott and C.
P. Walkden [PWa01] showed that additional assumptions are needed for a positive
answer in more general context: they constructed GL(2,R)-valued cocycles which are
measurably but not continuously cohomologous. Moreover both cocycles can be made
arbitrarily close to the identity, and in particular fiber bunched. In [S15] we showed



FIBER BUNCHING AND COHOMOLOGY FOR BANACH COCYCLES 5

that if A is fiber bunched and B is uniformly quasiconformal, i.e. Qg(z,n) < K for
all z and n, then any measurable conjugacy between A and B is f-Holder continuous.

The following theorem extends the finite-dimensional results to the Banach setting.
One of the difficulties here is that the space (GL(V'),d) is not separable even if V is.
To use the tools of the theory of measurable functions, such as Lusin’s theorem, we
work with the strong operator topology, i.e. the topology of pointwise convergence.
We assume that B takes values in a precompact set, which for a finite dimensional
V' is equivalent to uniform boundedness of B in (GL(V),d).

Theorem 1.11. Suppose that the Banach space V is separable, a cocycle A is fiber
bunched and a cocycle B takes values in a subset of GL(V') that is precompact in the
topology of pointwise convergence. Let p be an ergodic invariant measure with full
support and local product structure. Then any p-measurable conjugacy between A and
B coincides with a B-Holder continuous conjugacy on a set of full measure.

The p-measurability of the conjugacy means that the preimage of each Borel set in
GL(V) is p-measurable and the conjugacy equation (1.4) holds p-almost everywhere.
We note that Borel o-algebra in GL(V) is the same for the metric d and for the strong
operator topology. A measure has local product structure if it is locally equivalent to
the product of its conditional measures on the local stable and unstable manifolds.
Examples of ergodic measures with full support and local product structure include
the measure of maximal entropy, more generally Gibbs (equilibrium) measures of
Holder continuous potentials, and the invariant volume if it exists.

2. HYPERBOLIC SYSTEMS IN THE BASE

Transitive Anosov diffeomorphisms. A diffeomorphism f of a compact connected
manifold X is called Anosov if there exist a splitting of the tangent bundle T'X into
a direct sum of two D f-invariant continuous subbundles F® and E", a Riemannian
metric on X, and continuous functions v and © such that

(2.1) IDf(0*)]] < w(x) <1 <i(z) < |[Dfe(v")]

for any x € X and unit vectors v* € E*(z) and v* € E%(x). The sub-bundles E*
and K" are called stable and unstable. They are tangent to the stable and unstable
foliations W* and W™ respectively.

We define the local stable manifold of x, W (z), as a ball centered at z of radius
p in the intrinsic metric of W#*(z). We choose p sufficiently small so that for every
r € X we have |[Df,|| < v(z) for all y in W (x) and so that W} (x) N Wk (2)
consists of a single point for any sufficiently close x and z in X. The second property
is called the local product structure of the foliations. Local unstable manifolds are
defined similarly. It follows that for all n € N,

dist(f"x, f"y) < vy -dist(z,y) forallz € X and y € W} (z),

(2.2) D o
dist(f "z, f"y) < v, " - dist(z,y) forallz € X and y € W .(z).



FIBER BUNCHING AND COHOMOLOGY FOR BANACH COCYCLES 6

A diffeomorphism f is (topologically) transitive if there is a point x in X with dense
orbit. All known examples of Anosov diffeomorphisms have this property.

Topologically mixing diffeomorphisms of locally maximal hyperbolic sets.
More generally, let f be a diffeomorphism of a manifold M. A compact f-invariant
set X C M is called hyperbolic if there exist a continuous D f-invariant splitting
TxM = E°* @ E*, and a Riemannian metric and continuous functions v, 7 on an
open set U O X such that (2.1) holds for all x € X. The set X is called locally
mazimal if X = (), ., f7"(U) for some open set U 2 X.

Mixing subshifts of finite type. Let M be k x k matrix with entries from {0, 1}
such that all entries of MY are positive for some N. Let
X={2=(@pnnez : 1 <2, <k and M, ,,,,

The shift map f: X — X is defined by (fx), = x,+1. The system (X, f) is called a
mixing subshift of finite type. We fix v € (0, 1) and consider the metric

=1 foreveryn e Z}.

dist(z,y) = d,(z,y) = v"@¥ where n(z,y) =min{|i| : z; # y;}.
The following sets play the role of the local stable and unstable manifolds of x:
Wie(@) ={ylzi=y, i=0}, Wg(z)={y|zi=y;, 1<0}
Indeed, for all x € X and n € N,
dist(f"x, f"y) = v" - dist(x,y) for all y € W (),
dist(f "z, f"y) = v" - dist(z,y) for all y € W (z),
and for any z,z € X with dist(z,z) < 1 the intersection of W (x) and W .(z)

consists of a single point. Thus, in this case we can take v(x) = v and v(z) = v~ 1.

3. PROOFS OoF PROPOSITION 1.5 AND COROLLARY 1.7

3.1. Proof of Proposition 1.5. We consider the sequence of real-valued functions
(31)  an(@) = log (Qa(w,n) - (12)7) = log AL + log [|(AZ)~]| + log(v1})".
It is easy to verify that this sequence of functions is subadditive, i.e.

() < ap(z) 4+ an(ffz) forallz € X and n, k € N.

We recall some results on subadditive sequences. Let f be a homeomorphism
of a compact metric space X and let a, be a subadditive sequence of continuous
functions from X to R. For an ergodic f-invariant Borel probability measure p
on X, let a,(p) = [y an(x)dp. The sequence of numbers a, () is subadditive, i.e.
Anrk(p) < an(p) + ag(p), and it is well known that

ILm an(p)/n =inf{a,(p)/n : n € N} = x(a, ).
By the Subaddititive Ergodic Theorem,

lim a,(x)/n = x(a,p) for p-almost all x € X.

n—oo
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Lemma 3.1. [KS13, Proposition 4.9] Let f be a homeomorphism of a compact metric
space X and let a, : X — R be a subadditive sequence of continuous functions.

If x(a, ) < 0O for every ergodic invariant Borel probability measure u for f, then
there exists N such that ay(z) <0 for all x € X.

We will show that the assumption of the lemma is satisfied for the sequence a,(z)
given by (3.1). We observe that for this sequence, x(a,p) can be written in terms of
Lyapunov exponents of the cocycles A and v/°.

Definition 3.2. Let u be an ergodic f-invariant Borel probability measure on X.
The upper and lower Lyapunov exponents of A with respect to j are

1 1
Ac(A 1) = lim = log [AZ] and A (A, ) = lim — log]|(AZ) ]| "
n—oo M n—oo M

By the Subadditive Ergodic Theorem, each of these limits exists and is the same p
almost everywhere. Now for the sequence in (3.1) for p almost every x we have:

(3.2) X(a, p) = lim ay () /n = Ay (A, 1) = A (A, 1) + A7, ),

where A\(v°, 1) = A\ (v%, u) = A_(v?, ) for the scalar cocycle v/°.

The next theorem gives an approximation of the upper and lower Lyapunov expo-
nents of a cocycle in terms of its periodic data. It is Theorem 1.4 and Remark 1.5 in
[KS16] stated for our setting.

Theorem 3.3. Let (X, f) be a hyperbolic system, let p be an ergodic f-invariant
Borel probability measure on X, and let A be a Holder continuous Banach cocycle
over f. Then for each € > 0 there exists a periodic point p = f*p in X such that

1
<e and |[A_(A,p)— Zlogl|(AD)7MT| <e

k

Moreover, given finitely many Holder continuous Banach cocycles over f and K € N,
there exists a periodic point p = f*p with k > K which gives simultaneous approxi-
mation (3.3) for all the cocycles.

1
(33) | M(Ap) - log 4]

Let L and 0 < 1 be as in the assumption (1.3). We choose K € N such that
—3¢:= (log L)/ K +logf < 0. Then for each point p = f*p with £ > K we have

1 . 1 a1 - _
Elog (A - A - (1/;;)5) < Elog(LO’“) = ElogL%—log@ < —3e.

By Theorem 3.3 there exists a periodic point p = f*p with & > K such that (3.3)
holds for A, and also for the scalar cocycle v¥ we have that A(v”, ) = log(vF)?
is e-close to A\(v°, 1). Then by (3.2) we have

x(a, i) — %bg (MG AR THE (1)7) | < 3e
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and hence x(a, ) < 0. Then by Lemma 3.1 there exists N such that ay(z) < 0 for
all z, and so Qu(z, N) - (vY)? < 1 for all z € X. By continuity, there exists § < 1
such that the left hand side is smaller than 6 for all x. Writingn € N asn =mN +r,
where m € NU {0} and 0 <r < N, we obtain

Qala,n) - (2% < Qule.mN) - (M) - Qu(f™Na,r) - Vw,)? < LO™,

where L = max { Qa(z,r) (7))~ : z € X, 0 <r < N}. The inequality with ¥ is
obtained similarly, and we conclude that the cocycle A is fiber bunched. U

3.2. Proof of Corollary 1.7. Since the cocycle A is fiber bunched, there exist
numbers L and § < 1 such that Qu(x,n) - (v")? < L™ for all x € X and n € N. It
follows that whenever p = f*p,

Qu(p, ) - (45 < [CW)] - Qalp, k) - 1C() |- (W) < ML 6
Hence by Proposition 1.5 the cocycle B is fiber bunched. .

4. PROOF OF THEOREM 1.9

4.1. Cocycles over systems with a fixed point. The following result was estab-
lished in [S15] for GL(d, R)-valued cocycles.

Theorem 4.1. [S15, Theorem 2.4| Suppose that A is fiber bunched and B has conju-
gate periodic data. In addition, suppose that f has a fixed point py and the conjugacy
C(p) is f-Holder continuous at po, i.e. d(C(p),C(po)) < cdist(p,po)’ for every pe-

riodic point p. Then there exists a unique $-Holder continuous conjugacy C' between
A and B such that C(py) = C(po).

For Banach cocycles, the proof holds without modifications, except for using Corol-
lary 1.7 instead of Proposition 2.3 in [S15] to obtain fiber bunching of B.

We give an outline of the proof of this theorem since we will refer to it later. We
consider the cocycle B = C(py) o B o C(py)~! and the function C(p) = C(p)C(po) ",
so that B, = A, and C(p)) = Id. If C(z) is a conjugacy between A and B
with C(py) = Id, then C(z) = C(z)C(po) is a conjugacy between A and B with
C(po) = C(po). Thus it suffices to consider the case when B,, = A,, and C(py) = Id.
First the conjugacy C(z) is constructed along the stable and unstable manifolds of
po using the stable and unstable holonomies (see Section 4.2 below):

Cé(z) = H* 0o HYS  for m € W*(po),

(4 1) Po,x Z, Po
C(x) = Hﬁ)’fﬁr o Hﬁﬁo for x € W"(py).

For a homoclinic point z for py, i.e. € W*(py) N W*(py), it is shown that
f

= = de

C*(x) = C"(z) = C(x).
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Thus we obtain C on the set of homoclinic points of py, which is dense in X. The
function C'is S-Hoélder continuous on this set, and hence it can be extended to X.
This completes the outline.

4.2. Holonomies. An important role in the proof of Theorem 4.1, as well as in
the proof of Theorem 1.9, is played by holonomies of cocycles. This terminology
for certain limits of iterates of a linear cocycle was introduced in [VO8] and the
holonomies were further studied in [ASV13, KS13, S15]. The result below gives
existence of holonomies under the weakest fiber bunching assumption (1.2).

Let V = X x V be a trivial vector bundle over X. For a Banach cocycle A, we
view A, as a linear map from V,, the fiber at x, to V., so A} : V, = Vyn, and
A" Ve = Viong.

Proposition 4.2. [S15, Proposition 4.4] Suppose that a cocycle A is fiber bunched.
Then for every x € X and y € W*(x) the limit

(4.2) H = lim (A7)~ o AZ,

exists and satisfies

(H1)

(H2) H}: = Id and H;$ o HS = HYS, which implies (H3) ™" = H;'S:
(H3) H = (AD)~ H]{*n; fny OAL for alln € N;

(H4) HHAS Id|| < cdist(z,y)?, where c is independent of x and y € W (z).

Hf; is a linear map from V, to V,;

The continuous map H** : (x,y) — H}5, where x € X, y € W¥(x), is called the

(standard) stable holonomy for A. The unstable holonomy H** is defined similarly:
Hzf; = lim ((A;n)il ° (Ain)) = nh_{lgo (.A?,ny o (J‘l}tnm)fl) , where y € W*(z).

T
n—0o0

It satisfies (H1,2,4) and
(H3') Hpw = (A;")~ o HY, o A" for all n € N.

Y 2

4.3. Removing the fixed point assumption. Now we obtain the Holder continu-
ous conjugacy between the cocycles assuming Holder continuity of C'(p) at a periodic
point py. As was explained before, we can assume that A,, = B, and C(p) = Id.
Let k be a period of the point py. Then py is a fixed point for f¥ and so Theorem 4.1
gives a unique Holder conjugacy C' between the iterated cocycles A* and B over f*
with C(po) = Id. We will show that C is also a conjugacy between A and B following
the approach of [BK16, Sch99].

To simplify the notations we write p for p, and C for C. We consider a point
x € W3(p) N WU (f*1p), so that fo € W*(p). We will show that

(4.3) A, =C(fr)oB,oC(z)™", ie Cz)=A,'oC(fr)oB
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Since such points x are dense in X and all the functions are continuous, it follows
that the equation holds for all z € X.
Now we prove (4.3). Using equations (4.1) we obtain

Clw) = C%(x) = HY o HE =
= lim (A2") ' o A2 o (B2¥) ™ o B¥ = lim (AZ¥)"' o B2, and

n—oo n—o0

O(fz) = C*(fr) = H o Hp = lim AT, o (B, )71

pfe Oz p = ML

. mk mk —1
= nll_lgo -Af—mk+1x o ('Bf—mk-ux) .

Since A, ! o C(fz) o B, equals

lim A" o AT, 0 (B ,) ™ 0By = lim ATRTL, o (BPASL, )7

m—ro0 m—ro0

we need to show that

: nk\—1 nk __ 7: mk—1 mk—1 —1
Jim (AT o B = lim ATT o (BES,)

As both limits exist, so does the following limit and it suffices to prove the equality

lim (A7)~ o BIF o BREL, o (ATRLL, )T =1d.

m,n—00
Since x € W*(p) and fx € W*(p),
"z —pasn—oo and f ™y =" fr 5 p asm— oco.

Moreover, by (2.1) there is a constant ¢;(z) such that for all n,m € N,

dist(f"*z, p) < v - e1(x) distys ) (2, p) =: co(x) V¥ and

dist(f~"*a, p) < o, o) (@) distyru ) (z, p) = ca(x) ;L
Let dp be as in Anosov Closing Lemma [KtH, Theorem 6.4.15]. We take § < §y and

let m and n be the smallest positive integers such that both distances above are less
than 6/2. Then we have

(4.4) dist(f™*z, [~ r) <§ and § < cy(x) min{* o ™Y

Applying the lemma to the orbit segment {fiz: i = —mk+1,...,nk}, we obtain
a periodic point ¢ = f™+t* =g such that
dist(f'z, fiq) < L5 fori=—mk+1, ..., nk.

Let z be the intersection point of W} (¢) and W} .(z). Then by the local product
structure,

(4.5)  dist(f'z, fix) < c56 and dist(f'z, fiq) <56 fori=—mk+1,... nk.
Since z € W*(q), property (H3) of the holonomies yields
A = H o, 0 AP o HI

fnkq, fnkz 2,q)
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and since f™*z € W*(f™x) using property (H3') we obtain
AmE = HE o, 0 AZF o HI.

fnkz’fnkx
Thus
nk _ rrAu A,s nk A,s A
AV =H oH oAy o H o Hyll

fnkz? f"kl' fnkq7 fnkz
It follows from property (H4) that
Hot =1d + R2y,  where ||RZY[| < edist(z,q)” < ¢60”.

Z?q ’

Similar estimates hold for the other holonomies, as well as their inverses, due to (4.5).
Thus we obtain

(4.6)  (AF) ' =(Id+ Ry) o (Al¥) o (Id+ Ry), where [|Ry|,||Ra < c66”,
and similarly,

(4.7) (AR ) ™ = (Id + Rg) o (A5 L, )7h o (Id + Ry),

where ||Rs||, | Ra|| < c66°. Let ¢ = f~™F1q = f"*q and 2/ = f~™**'z. Then
(4.8)  BrFoBrhL = BI = (Id + Rs) o B o (Id + Ry),

where || Rs||, | Rs|| < c6”. Since ¢ is a periodic point of period (m +n)k — 1, by the
assumption there exists C'(¢') such that

(49) Bs,"ﬂ)k_l =C(¢)o Agﬁm)k_l o C(q¢)™", where C(¢) =1d+ R; and
L O() =1d+ Ry with |[R7, (| BE|| < ¢ dist(p,q)” < erd”,
It follows from (4.8) and (4.9) that
(4.10) Bk o BT L, = (Id+ Ry) o AF 0 AT o (Id + Ryp),
where || R, || Rio|| < csd”.
sin .6 .7), an .10) and combining terms of the form Id + R; we obtain
Using (4.6), (4.7), and (4.10) and bining f the f Id+ R b
(Azk)fl o ‘ng o B}n—knjkqux ) (‘A;‘nfk;k{rlw)il —
(Id+ Ry) o (Agk)_l o(Id+ Ry1) o Agk o A}"f;klﬂq o (Id + Riz) 0 (.A}nf“;,3+1q)_1 o (Id + Ry)
=1d + (A7%) " o R o AP o ATEL, 0 Rig o (ATSL, )7

FA™) Lo Ryy 0 AT +A;”fnfkl+1q o Ry 0 (Jq;@fn:klﬂq)—l + smaller terms.

Since || R;|| < cgd? for each i, where § satisfies (4.4), and the cocycle is fiber bunched,
we have

AT TCAG) THE IR < Qalg, nk) - €67 < Qalg, k) - cro(v*) = c1oL0™  and

|"A}n1€7;/cl+1q" ' H(‘A?}lfkr;kilq)ilu : HRIQH < Clo(ﬁ;mk+1)5 = ClOLemkil-
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We conclude that in the operator norm topology,

lim (A7%) o BF o BRI, o (ATEL, )T =1d,

,M—00

and so (4.3) holds. O

5. PROOF OF THEOREM 1.11

We consider the strong operator topology, i.e. the topology of pointwise conver-
gence, on the space of linear operators L(V'). It is induced by the family of semi-norms
P,(A) = ||A(v)||, where v € V. This topology is weaker than the operator norm topol-
ogy, but they generate the same Borel o-algebra. Indeed, for any A € L(V') we have
I|A]| = sup||A(v)|| = sup P,,(A), where the supremum is taken over a dense set
{vn, : n € N} in the unit ball in V. Since the functions P, are continuous in the
strong operator topology, it follows that || A|| is Borel measurable and thus the balls
in the operator norm belong to the Borel g-algebra of the strong operator topology.

Since V is separable, this topology is separable and metrizable on any set G C L(V)
that is bounded in norm. Indeed, let {v, : n € N} be a countable dense set in the
unit ball in V. Then

) — AW, = Bw)ll .,
(5.1) dAB) = T JA(on) = Bl

n=1

is a distance on L(V). The convergence in d is the pointwise convergence on the
set {v, : n € N}. It induces the strong operator topology on G since for a bounded
sequence convergence on each v, is equivalent to convergence on each v € V. To show
separability, we take the set {v,} in the definition of d to be linearly independent
and consider a countable dense set U = {u,, : n € N} in V. Then the set of all finite
sequences {Uy,, ..., up, } in U is countable and for each finite sequence we can take a
bounded operator B, . ., such that

k

By (i) = up, fori=1,... k.

This can be done by extending the coordinate functionals z; on span{vy, ..., v} to
V' using Hahn-Banach Theorem and defining B, ., (v) = Zle x;(v)u,,. The set
of such operators is a countable dense set in (L(V),d). Indeed, given ¢ > 0 and
A € L(V) we can fix a large k so that the “tail” of the series in (5.1) is small and

then choose u,, sufficiently close to A(v;) so that
[A:) = Buy.omi (02) | = [[A(v:) = un,

Thus the strong operator topology is separable and hence second countable on G.

The corresponding strong operator topology on GL(V) is induced by the embed-
ding i : GL(V) — L(V) x L(V) given by i(A) = (4, A~1). The convergence in this

is small for i =1,... k.
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topology is the pointwise convergence of operators and their inverses: a sequence A,
converges to A if for each v € V,

| An(v) — AW)|| + |14 (v) — A7 (W)]| = 0 as n — oo.
It follows from the results for L(V') that this topology is separable and metrizable by
d(A,B) =d(A,B) +d(A™', B

on any set G C GL(V') bounded with respect to the metric d given by (1.1).

By the Uniform Boundedness Principle, a sequence A, that converges in strong
operator topology on GL(V') is bounded in the metric d, and hence any subset of
GL(V) that is compact in the strong operator topology is bounded in d. Since the
cocycle B takes values in such a subset, B is uniformly bounded, and thus satisfies
the fiber bunching condition (1.2).

Let C' be a p-measurable conjugacy between A and B. First we show that C
intertwines holonomies of A and B on a set of full measure, i.e. there exists a set
Y € X with pu(Y) = 1 such that

(5.2) HY? =C(y)o HypoCz)™ forallz,y €Y such that y € W*(x),
and a similar statement holds for the unstable holonomies. Since
C(z) = (A1) o O(f"z) o BE and His = (A1) o HYS 4, 0 AL,

it suffices to prove that H}q,;;fny = C(f"y) oH?,;;fnyoC(fnx)*l. Thus we can assume

that y lies on the local stable manifold of x.
Let z € X and y € W (). Since A, = C(fx) o B, o C(z)~!, we have

(A}) "o A7 = Cly) o (By) "o C(f"y) o C(f"x) 0 By o Cla) " =
(5.3) =C(y)o (BZ)*I o(Id+7,) 0B o C(x)! =

=C(y) o (By) ' 0BroCz)" +Cly) o (By) " oryoBroC(z),
where

= C(f"y) " o C(f"x) —Id = C(fy)~" o (C(f"x) — C(f"y))-

Since C'is p-measurable, ||C]| and ||C~!|| are measurable functions from X to R
and hence there exists a compact set S; C X with p(S;) > 3/4 such that ||C|| and
|C71|| are bounded on S;. Let G € GL(V) be a d-bounded set that contains the
values of C' and C~! on the set S;. Then C restricted to S; is a p-measurable function
to the separable, and hence second countable, metric space (G, d). Hence by Lusin’s
theorem there exists a compact set S C Sy with p(S) > 1/2 such that C' is uniformly
continuous on S.

Let Y be the set of points in X for which the frequency of visiting S equals
wu(S) > 1/2. By Birkhoff Ergodic Theorem, u(Y) = 1. If x and y are in Y, there
exists a sequence {n;} such that f"x and f"y are in S for all i. Thus ||C], ||C7!|
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are uniformly bounded on the set {f"z, f™y} and ||(C(f™z) — C(f™y))(v)|| = 0
for every v € V. Hence

(5.4) the sequence ||r,,|| is bounded and ||r,, (v)|| = 0 for every v € V.
We rewrite the formula (5.3) as

(5.5) Cly) ' o(A)) oAl oCx) — (B)) "o Bl = (B)) " or, 0Bl

T

By (4.2) the left hand side converges in the operator norm to
(5.6) Cly) "o H} o C(x) — Hyyp.

Hence the right hand side of (5.5) has a limit in the operator norm. To prove that
it equals 0, it suffices to show that for each v € V, ((B})~" o, 0 BY)(v) tends to 0
along a subsequence.

Let {n;} be the sequence in (5.4). Since B takes values in a compact subset of
GL(V) with strong operator topology, there exists a subsequence {n;, } of {n;} such

that (B,")(v) converges for every v and, as we observed above, (By)~! is uniformly
bounded. Now it follows from (5.4) that

((Bzij)_l O Tn,, © BZ”) (v) = 0 for every v € V.

We conclude that (5.6) equals 0 and so (5.2) follows. The statement for the unstable
holonomies is proven similarly.

Now we establish Holder continuity of C' on a set of full measure. We consider a
small open set U in X with the product structure of stable and unstable manifolds,

U= I/Vlf)c<m0) X VVIZC(‘IO) - {‘/Vlf)c<x) N VV]?)C(?J) MRS VVI?)C(‘TO) and Yy e I/Vlzc<x0)}'

We take a finite cover of X by such sets. It suffices to show that C'is Hélder continuous
on a full measure subset of each such set U.

Since the measure i has local product structure, u is equivalent to the product of
conditional measures on W} (zo) and W% .(zo), and hence for p almost every local
stable leaf in U, the set of points of Y on the leaf has full conditional measure. Let
Yy be the the set of points in Y NU that lie on such leaves. Then Yy has full measure
in U. Since the holonomies of the unstable foliation are absolutely continuous with
respect to the conditional measures, for any two points x and z in Yy, there exists a
point y € W _(x) N Yy such that ¥ = Wk (y) N WeL(z) is also in Y.

Now we show that C' and C~! are bounded on Y. We fix € Yy and for any
z € Yy we consider y and y" as above. Then by equation (5.2) and property (H4) of
the holonomies we have

A,s B,s\—1 __ A,s B,s
(5.7)  Cly) = Hyy o C(x) o (Hyy)™ = (Id+ Rgy) o Clx) o (Id + Ry),
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where ||[R25||, |RY:| < edist(x,y)”. If the set U is sufficiently small, then the terms
R are less than one in norm and it follows that [|C(y)|| < 4]|C(z)]|. Also consid-
ering the pairs y,4y’ and ¥,z we conclude that ||C'(z)|| < 43||C(z)]||, and similarly
IC(2)7H < 4[IC(a) M-

Now we establish Holder continuity of C' on Y. We fix x, 2z € Yy and consider y
and y" as above. Then by (5.7) we have

C(y) o C(x)™" = (Id+ R5) o C(x) o (Id + RYS) 0 O(x) ™ =

= Id+ Ry + C(w) o Ryy o C(x) ™' + Ry 0 C(x) o Ry o Clx) ™
Since C' and C~! are bounded on Yy, it follows that

|C(y) o C(z)™r = Id|| < ¢ dist(x, y)?.

Hence we have

d(C(x),C(y)) = [|IC(x) = Cy)|| + [|C(zx)™ = Cly) || <

< [C@)Cy)~" =1 - ICW)] + IC) 7 - [Id = C(x)C(y) 7| <

< ¢y dist(z,y)?, where ¢, does not depend on z and y.

Using similar estimates for y, 3’ and v/, z and the local product structure of the stable
and unstable manifolds we conclude that for all x, z € Yy,

d(C(x),C(2)) < czdist(z, 2)°.

Thus we obtain Holder continuity of C' on a set of full measure Y7 C Y. Let
Yo = . f"(Y1). Then Y, is f-invariant and A(z) = C(fz) o B(x) o C(x)* for
all x € Y5. Since p has full support and p(Ys) = 1, the set Y5 is dense in X. Hence
C extends from Y; to a Holder continuous conjugacy C' on X. U
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