PERIODIC DATA CONJUGACY
FOR DIFFEOMORPHISM COCYCLES

VICTORIA SADOVSKAYA*

ABSTRACT. We consider Holder continuous cocycles over a hyperbolic dynamical
system with values in the group of diffeomorphisms of a compact manifold. We focus
on establishing conjugacy between two cocycles from conjugacy of their periodic data.
We obtain such a result under bunching, or domination, assumption on the cocycles
and a mild regularity assumption in C° topology on the maps conjugating the periodic
data. We also obtain conjugacy to a constant cocycle assuming boundedness in C!
or pre-compactness in C° for the constant cocycle and the conjugating maps.

1. INTRODUCTION AND STATEMENTS OF THE RESULTS

In this paper we consider diffeomorphism-valued cocycles over a hyperbolic dynam-
ical system. We focus on the problem of obtaining conjugacy between cocycles from
conjugacy of their periodic data.

By a hyperbolic system we mean either a transitive Anosov diffeomorphism of a
compact connected manifold, or a topologically mixing diffeomorphism of a locally
maximal hyperbolic set, or a mixing subshift of finite type. We study Holder contin-
uous cocycles with values in the group Diff ‘(M) of C? diffeomorphisms of a compact
connected manifold M. Holder regularity is needed to obtain results even for scalar
cocycles, and it allows symbolic systems in the base, which correspond to random and
Markovian sequences of diffeomorphisms.

Let (X, f) be a hyperbolic system and let A : X — Diff(M). The Diff?(M)-valued
cocycle over f generated by A is the map
A: X xZ — DiffY(M) defined by A(z,0) = A% =1d, and for n € N,
A(z,n) = A" = A(f" '2)o---0 A(x) and A(x,—n)=A"= (A}‘_nm)_l.
We say that a cocycle A is Holder continuous or bounded if the property holds for its
generator A(x) = A,.
A function ¥ : X — Diff" (M) is called a conjugacy between cocycles A and B if

Ay =V 0B, o\I/;1 for every x € X.
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Clearly, conjugacy of the cocycles implies conjugacy of their periodic data, which means
that for every p = f"(p) there exists a diffeomorphism ®,, such that

AZI@T,OBZO@gl.

It is natural to ask whether conjugacy of the periodic data implies conjugacy of
the cocycles. This question for Holder continuous group-valued cocycles has been
extensively studied starting with the work of Livsic [Liv71, Liv72]. In these papers,
a positive answer was obtained for cocycles with values in R and in abelian groups.
For such groups the question reduces to the case when B, = Id, and periodic data
conjugacy becomes the equality A} = Id. The non-abelian case is much more difficult.
The case when B = Id has been studied the most and by now is resolved for groups
with bi-invariant metrics [Liv72], GL(d,R) [K11], Banach rings [GG17], and groups
of diffeomorphism of a compact manifold in low dimension [KP16] and in arbitrary
dimension [AKL18].

For non-abelian groups, the problem for two arbitrary cocycles does not reduce to the
special case B = Id. In general the answer is negative even for G L(2, R)-valued cocycles
with bounded periodic data conjugacy [S13]. Therefore some extra assumptions on the
cocycles or on the maps ®, are needed. The case of a stronger assumption of equality
of the periodic data Aj = B7, that is, ®, = Id, is better understood. Cocycles in
compact groups and cocycles with “bounded distortion” were studied by Parry [Pa99]
and Schmidt [Sch99], who obtained positive answers for the equality case and some
results for the conjugacy case. The most general results for GL(d,R) were established
in [S15] for fiber bunched cocycles and Holder continuity of ®, at one point, and in
[KS26] with no or weaker assumptions of @, for broad classes of constant cocycles B.

We consider cocycles with values in a group of diffeomorphism of a compact man-
ifold. In this setting, the only result so far was obtained in [BK16] for cocycles with
equal periodic data satisfying a certain bunching, or domination, assumption. This
assumption means that the growth of the cocycle is dominated by the hyperbolicity in
the base. It is used in most results for non-commutative cocycles to obtain convergence
of certain iterates of the cocycle, and it yields existence of cocycle holonomies. Unlike
[BK16], we study cocycles with conjugate periodic data. For general bunched cocycles
A and B, we construct a conjugacy under the assumption of Holder continuity of @,
at one point in C° topology. We also obtain a result for a bunched cocycle A and
a constant cocycle B under certain pre-compactness assumptions on B and ®, in C°
topology. Our assumptions on ®, are much weaker than equality of the periodic data.

A particular difficulty in the diffeomorphism case is that the composition operation
in DiffY(M) is not continuous in C? topology. This results in loss of regularity, which
is two derivatives in [BK16]. In this paper, we obtain conjugating diffeomorphisms W,
almost as regular as the cocycles.

Now we formulate the results. We denote the space of homeomorphisms of M by
Homeo(M) and the distance between homeomorphisms by dy. We denote the usual
C" norm adapted to the manifold setting by |.|cr, see Section 2.2, where a distance d¢r
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between diffeomorphisms is also defined. In the results below, 0 < A < 1 is so that A
and A7 are guaranteed contraction and expansion rates in the base system (X, f).

Theorem 1.1. Let (X, f) be a hyperbolic system and let M be a compact connected
manifold. Let q =k + -y, where k e N={1,2,...} and 0 <~y <1, and let k <r <q.

Let A and B be B-Holder continuous Diff!(M)-valued cocycles over (X, f) satisfying
the following bunching condition with X as in (2.1):

there exist K > 0 and o > 1 such that o?3INE) < 1. and
|Allcr < Ko™ and  |BY|or < Ko™ forallz € X and n € N.

(1.1)

Suppose that for each periodic point p = f"(p) there exists ®, € Homeo(M) such that
(1.2) Al =®,0Bl 0!,

and for some periodic point py we have ®,, € Diff'(M) and for some constant c
(1.3) deo(®p, D,,) < c dist(p,po)°®  for every periodic point p of f close to py.

Then for any t such that k < t < r there exists a Hélder continuous conjugacy
U X — Diff'(M) between A and B with U, = ®,,,.

We note that ¥, does not necessarily coincide with ®,, for p # p,. For example, for
B =1d and any A of the form A, = ¥;, o U1 we can take ®, = Id at every p.

The Holder exponent of ¥ : X — Diff’(M) may be smaller than 3. In the proof we
obtain the exponent 8(¢—7)(r—t)?(¢—t). In the case of ®,, = Id we get 8(q¢—7)(r—t).

The bunching condition in the theorem ensures that the cocycles A and B have
stable and unstable holonomies in Diff"(M). The holonomies are defined and their

properties are stated in Proposition 2.6. They play a key role in the construction of
the conjugacy.

Now we state two results for a constant cocycle B.

Theorem 1.2. Let (X, f) be a hyperbolic system with a fized point, let M be a compact
connected manifold, let ¢ = k 4+ where k € N and 0 <y <1, and let k <t < q.

(1) Let B = B be a constant Diff'(M)-valued cocycle over (X, f)
such that the set {B" : n € Z} is pre-compact in C°(M).

(2) Let A be a B-Hélder continuous Diff'(M)-valued cocycle over (X, f) satisfying
the following bunching condition with \ as in (2.1):

there exist K >0, 0 > 1 and t < r < q such that o>\ < 1 and
A or < Ko™ for allx € X and n € N.

(3) Suppose that for each periodic point p = f™(p) there exists
®, € Diff'(M) such that A} = ®, 0 B2 o &1, and the set
{@;': p=f*(p), p € X, n € N} is pre-compact in C°(M).

Then there exists a Hélder continuous conjugacy ¥ : X — Diff'(M) between A and B.
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This result holds with the assumptions (1,2, 3) replaced by (1’,2,3") below.

Theorem 1.3. Let (X, f) be a hyperbolic system with a fixed point, let M be a compact
connected manifold, let ¢ =k + v where k € N and 0 <y < 1, and let k <t < q.

(1') Let B = B be a constant Diff?(M)-valued cocycle over (X, f) such that the set
{B": n € N} is bounded in Diff*(M).

(2') Let A be a bounded Diff*(M)-valued cocycle over (X, f) that is B-Hélder
continuous as a Diff*(M)-valued cocycle.

(3") Suppose that for each periodic point p = f™(p) € X there ezists
®(p) € Diff!(M) such that A = &, 0 Bl o &', and the set

{®,: p= f"(p), p € X, n € N} is bounded in Diff'(M).
Then there exists a Hélder continuous conjugacy ¥ : X — Diff'(M) between A and B.

We note that having a set bounded in Diff'(M) is equivalent to having the first
derivatives of the maps and their inverses uniformly bounded.

The assumption in (2') that the cocycle A is bounded in Diff*™* (M) is used only in
Proposition 4.1 to obtain bunching from boundedness of the periodic data in Diff' (M).

In Theorems 1.2 and 1.3 we obtain the Holder exponent 5(q—7)(r —1t)(¢—1t) for ¥ .

The paper is structured as follows. Section 2 is devoted to the preliminaries: in
subsection 2.1 we describe hyperbolic dynamical systems, in 2.2 we define distance
in the spaces of homeomorphisms and diffeomorphisms, and in 2.3 we give various
estimates for the distances, and in 2.4 we formulate the definition and properties of
the holonomies of diffeomorphism-valued cocycles. In Section 3 we prove Theorem 1.1,
and in Section 4 we prove Theorems 1.2 and 1.3.

The proofs of the three theorems follow the same general scheme. First we adjust the
cocycle B so that A and B have the same value at a fixed point py. Using holonomies
of the cocycles, we define conjugacies ¥* and ¥* on the stable and unstable leaves of
po. Then we show that ¥* and ¥ coincide on the homoclinic set of py, and thus obtain
a conjugacy ¥ on this set. The main difference between the proofs of the theorems
is in this step. We show that ¥ is Holder continuous on the homoclinic set, which is
dense in X, and hence ¥ extends to a Holder continuous conjugacy between A and B
on X. In Theorem 1.1, we then deduce the general case of a periodic point py. The
proofs draw on ideas and techniques from [S15, S19, S22, KS26, BK16].

2. PRELIMINARIES

2.1. Hyperbolic dynamical systems. See [KtH] for details.
Below we describe the three main classes of these systems.

Transitive Anosov diffeomorphisms. A diffeomorphism f of compact connected
manifold X is called Anosov if there exist a splitting of the tangent bundle T X into
a direct sum of two D f-invariant continuous subbundles £* and E*, a Riemannian
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metric on X, and a number A such that
(2.1) IDef(*) <A <1 <A™ < | Dy f(u")]

for any # € X and unit vectors v® € E*(x) and v* € E*(z). The stable and unstable
subbundles E* and E" are tangent to the stable and unstable foliations W* and W*.
The local stable manifold of x, W (x), is a small ball in W#(z) centered at x so that

dist(f"x, f"y) < A'dist(x,y) for all y € W (x) and n € N.

Local unstable manifolds are defined similarly. We assume that they are small enough
so that W _(z) N W} .(2) consists of a single point for any sufficiently close z,z € X.

A diffeomorphism is said to be (topologically) transitive if there is a point z in X
with dense orbit. All known examples of Anosov diffeomorphisms have this property.
Any transitive Anosov diffeomorphism is topological mixing, that is, for any open sets
Uy, Uy C X there exists N € N such that f*(U;) NUy # @ for all n > N.

Mixing diffeomorphisms of locally maximal hyperbolic sets. More generally,
let f be a diffeomorphism of a manifold N'. A compact f-invariant set X C N is
called hyperbolic if there exist a continuous D f-invariant splitting TxN = E* ® E,
and a Riemannian metric on an open set U D X such that (2.1) holds for all z € X.
Local stable and unstable manifolds are defined similarly for any x € X, and we
denote their intersections with X by Wj _(z) and W} (z). The set X is called locally
mazimal if X = (", ., f7"(U) for some open set U D X. This property ensures that
Wi () N W} (2) exists in X. We assume that f|X is topologically mixing.

Mixing subshifts of finite type. Let M be k x k matrix with entries from {0, 1}
such that all entries of M are positive for some N. Let

X={z=(p)nez : 1 <2, <k and M, ,, ., =1 foreveryneZ}.

The shift map f: X — X is defined by (f(z))n = 11 The system (X, f) is called a
mixing subshift of finite type. We fix X € (0,1) and consider the metric

d(z,y) = dx(z,y) = \"@Y | where n(z,y) =min{|i| : z; # y}.
The following sets play the role of the stable and unstable manifolds of x
We(xz) ={y: for some iy, z; =y; for all i > iy},
W (x) ={y: for some ig, z; =y; for all i <ig},
Wex)={y: =y foralli >0}, We(z)={y: z;=y;foralli<0}.

Anosov Closing Lemma. These systems have the following property.

Lemma 2.1. [KtH, 6.4.15-17] Let (X, f) be a hyperbolic dynamical system as above.
Then there exist constants ¢, ' > 0 such that for any v € X and k € N with
dist(z, f¥(x)) < &' there exwists a periodic point p € X with f*p = p such that the
orbit segments x, f(x),..., f¥(x) and p, f(p),..., f¥(p) satisfy

dist(fi(x), f{(p) < cdist(z, f*(x)) for everyi=0,... k.
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2.2. Distances on the space Diff"(M). ([dILW10, Section 5|, [S19, Section 2.2])
We fix a smooth background Riemannian metric and the corresponding distance d4
on M. We denote the space of homeomorphisms of M by Homeo(M), and for ¢, h €
Homeo(M) we set

(2.2)  dolg,h) = max du(g(t), h(t)) and  deo(g,h) = do(g,h) +do(g™", h7").

Now we consider r > 1. The C" topology on the group of diffeomorphisms Diff" (M)
can be defined using coordinate patches and the C” norm in the Euclidean space. For
any g € Diff (M), r € N, we define its C" size as

_ -1 _
l9ler = llgller +llg™" ller, where lgller = maxda(g(t), )+1H<1a<xrtr€l§§|lDtg|l

Here D! g is the derivative of g of order 7 at ¢, and its norm is defined as the norm of
the corresponding multilinear form from 7; M to T, M with respect the Riemannian
metric. For r =k + «, with £ € N and 0 < o < 1, the definition is similar with

lgller = llgllcx +sup { |1DFg — Dygll - dpa(t, )™+ t,t" € M, 0 < dp(t,t') < €}
Here ¢; is chosen small compared to the injectivity radius of M so that the tangent
bundle is locally trivialized via parallel transport and the difference makes sense.

A natural distance der(g, h) on Diff"(M), r € N, was defined in [dILW10] as the
infimum of the lengths of piecewise C' paths in Diff"(M) connecting h with g and h~*
with ¢g=!, where the length of a path p, is

lor(ps) = max max/“ds D! p,)|| ds.

0<i<r teM

For r = k + «a, one also adds the corresponding Holder term:

lor(ps) = Cor(ps) + max / | L(D ) |las| ds,  where

||Dkg|\a7t = sup { ||Dt, — 1tg|| cdp ()T eM, 0<dpu(t,t) <el

For sufficiently C"-close diffeomorphisms, the distance der(g, h) is Lipschitz equivalent
to ||g—hllc-+]lg~ ' —h~Y|cr, where the difference is understood using local trivialization.
Specifically, there exist constants x and §y > 0 depending only on r and the Riemannian
metric so that

23 K der(g,h) < llg = hller + llg7" = h7|er < kder(g,h), provided that
' either der(g,h) < 50|g|5} or |lg—h|cr+ Hgf1 — h’lHCT < §0|g|5}.

2.3. Estimates of norms and distances.
In the arguments we will use the following estimates for distances dy and dg-.

Lemma 2.2. If the maps below are homeomorphisms of M and g is differentiable with
|Dgll < M, then

(2'4) dO(hl 0g,hyo g) = do(hh h2) and do(g ohi,go hz) < Mg do(hh h2)
(25) dg(hlogth,g) S do(hl,]d)—f-Mg do(hg,]d)
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(2.6) do(hy © ha, 1d) < do(hy, Id) + do(hs, Id),
(27) do(g o h, goh) < do(g.3) + My do(h, 1), and
(2.8) do(hy 0 hy o by, hyohyohy,) < do(hy, hy) + My, do(ha, ho) + My, My,do(hs, hs),
provided that hy and hy are differentiable with ||Dhy|| < My, and ||Dhs|| < My, .
Proof. The inequalities (2.5) and (2.6) are obtained, respectively, using
do(hi0gohy,g) <dg(hyogohy,gohs)+dy(gohyg) and
do(hy1 0 hg,1d) < do(hy o hy, hy) + do(hs, 1d),
and (2.7), (2.8) follow similarly. O

Lemma 2.3. (Follows directly from [dILO99, Proposition 5.5])
For any r > 1 there exists a constant M, such that for any h,g € C"(M),

[hogllor < My [|hller (1 + [lgller)"

Lemma 2.4. [dILO99, Proposition 6.2(iii)]
Let ke Nand k <t <r <k+1. There exist 0 < 6 < 1 and M’ > 0 such that if
hi,hy € CH(M), ||h1 — hs|lct < 61, and g € CT(M), then

lg o b —gohallcr < M glle- [Iha — hellgz"
Lemma 2.5. Let k € N and k <t <r < k+ 1. There exists M = M(r,t, M, K)

such that for any g,§ € Diff' (M) and hy, hy € Diff'(M) with |hi|ct, |halor < K, the
following holds.

(29)  dei(gohy, gohs) <M (llgler + (A + g7 lee)') - der(has ha)™", and
(2.10)  dee(hog, haog) <M (g7 ler + (L +llgllcr)’) - dor(ha, k)™~

provided that dee(ha, hs) < 6|ha|gi, where & = min{dy, k=61 } with &, K from (2.3) and
01 from Lemma 2.4, and in each case the right hand side is less than

(2.11) 6 (M(1+ [Pnler) (1 + lgle))

Also

dct(gohiog, gohyog)

<M (lgller(+11glle)* + 15 Hler (L4 lg™ ler)') - dor(ha, b))

provided that dct(hy, ho) < 8|hi|5i and the right hand side of (2.12) is less than

~ .~ _ -1
(2.13) 0 (M (L4 [hale) (lgller (L4 Ngllee)” + 197 ler L+ lg™ le)) -

Proof. The last part of the lemma was proven in [S19, Lemma 3.6]. For the sake of
completeness, we give a direct argument for (2.9) using a similar approach.

(2.12)

We use (2.3) for distances between close diffeomorphisms. Lemma 2.4 gives an
estimate for ||g o hy — g o hs||ct. By Lemma 2.3, we have

Ihitog™ —hytog o= ll(hi' = hy') o g7 lor < Myllh" = Ay ler (1 + [lg™"ler)".
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Hence
lgo i —gohafler + lhitog™ —hy'og™l e <
M lgller 1hy = 2|l + My |lht = hy oL+ g™ o) <
M" (lgller + (1 +llg™ llee)") - der(ha, ho)™™" =2 (%).

By (2.3), we also have k= tdg:(hy o g, hy 0 g) < (%), yielding (2.9) with M = xM",
provided that (x) < 0g|g o h1|~;. Lo show the latter we apply Lemma 2.3 to estimate
ided th ) h Cl To sh he 1 ly L 2.3 i
1hi* o g™ ler < My (A7 e (L + 1197 ler)" < ML+ [hufe) (1 + [lgllee)'s
lg o haller < My(1+ [[hallce)" llgllcr, and so

|h1 o glot < Mi(1+ [hafee) (1 + |gler)".

Thus by the assumption (2.11) we have () < 6|hy o g|5! < dolh1 0 g|5- O

2.4. Holonomies. In the proofs, a conjugacy ¥ will be constructed using holonomies
of the cocycles A and B. We recall the following result on existence and properties of
holonomies for diffeomorphism cocycles.

Proposition 2.6. [S19, Proposition 3.3 and Remark 3.4]
Let ke Nand k <r <q<k+1, and let X be as in (2.1).

Let A be a is B-Hélder Diff'(M)-valued cocycle over a hyperbolic system (X, f).
Suppose that there exist K > 0 and o > 1 satisfying o2\ < 1 such that

(2.14) AL |ca < Ko™ for alln € N.
Then for any x € X and y € W*(x), the limit

(2.15) H, =H = lim (A})"' o A?  eists in Diff" (M) and satisfies

n—o0

(H1) H;,=1Id and H, o H; = H; , which imply (I:T;;’y)_1 =H, ;

(H2) H;, = (Ap)~" o H}uy ju, 0 AL foralln € N;
(H3) There exists a constant ¢ such that for all x € X and y € W} (z),

der(H2.,, Id) < ¢ dist(z, )", moreover,

x7y )

2.16
(2.16) der (A1) o AZ, Id) < cdist(z,y)? ™" for alln € N.

The maps H; , are called the stable holonomies of A.

The unstable holonomies are defined similarly: for y € W*(z),

HY =Hb = lim (A7) "o AL = lim (A} .,) o0 (A}n,) "

n——oo n—oo

They exist under the same assumptions and satisfy similar properties.
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3. PROOF OF THEOREM 1.1

3.1. Reduction to the case of A¥ = BF and ®(py) = Id.
Let k be the prime period of py. Instead of the cocycle B we will work with

B = ®,, 0Bo @;Ol, so that f%’;o = A';O.

Since @, is in Diff?(M), so is B. Since B is Holder continuous with exponent 3, it

follows from Lemma 2.5 (2.12) that B is Holder continuous with exponent 5(q — 7).
By Proposition 2.6, the original cocycle B has holonomies in Diff" (M) satisfying
(H1, H2, H3). The cocycle B also has holonomies in Diff" (M) given by

B,s B,s -1 Bu _ B,u -1
Hx,y = Py, © Hx,y © (I)po and H:v,y = Py, © Hx,y © (I)po :

They satisfy (H1) and (H2), but the property (H3) does not necessarily hold for H B,
However, by (H3) and (2.4) we have

(H3) There exists a constant ¢ such that for all 2 € X and y € Wo.(x)

(3.1) dco(H93 s 1d) < ¢ dist(x,y)? @),

T,y
Also, by (H3) and Lemma 2.5 (2.12),
(H3) There exists a constant ¢ such that for all x € X and y € W,.(z)

(3.2) |HB$|CT <¢ and dct(HBS Id) < @ dist(z, y)P@ 0D,

x y7
The function <I>p = ®,0 CIDIjol is a periodic data conjugacy between A and B with
®,, = Id satisfying (1.3).
We will construct a Holder continuous conjugacy ¥ : X — Diff'(M) between A and

B with the exponent 3(q—r)(r —t)%. Then ¥ = Wo®,, will be a conjugacy between A
and B with values in Diff*(M), Holder continuous with exponent 3(q—7)(r —t)*(g—t).

If ®,, = Id for the original cocycles, the reduction is not needed and the conjugacy
U will be Holder continuous with exponent 5(q — r)(r — t).

Now we construct a conjugacy ¥ between A and B. To simplify the notations, we
will write B for B ® for &, and U for U. Thus,
In the rest of the proof of the theorem,
o A and B are DiffY(M)-valued cocyles over (X, f) with BE = A¥
e A and B have stable and unstable holonomies in Diffr(/\/l)7

the holonomies H**/* for A satisfying (H1, H2, H3),

the holonomies H®*/* for B satisfying (H1, H2, H3, H3);
e &, is a periodic data conjugacy between A and B with ®,, = Id satisfying

(3.3) deo(®,,1d) < edist(p, po)”  for every periodic point p of f close to po.
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First we assume that pg is a fixed point of f and construct a conjugacy between
cocycles A and B with A,, = B,, . We remove this assumption in Section 3.4.

3.2. Construction of a conjugacy ¥ on the homoclinic set of a fixed point.
We construct conjugacies between A and B along the stable and unstable manifolds of
po and show that they coincide at every homoclinic point of py. We set

—_— ‘A7 37
Vs =Hy 5 0o Hyw o forw € W4 (po),

Tt = g o Hﬁﬁo for x € W*"(po).

po,x

(3.4)

The function ¥* is a conjugacy between A and B along the leaf W*(py). Indeed, If
x € W*(po), then using property (H2) of the holonomies with n = 1 we obtain

s s -1 _ A,s B,s B,s \—1 Au—1 _
Wiy © Ba o W)™ = Hi) ra) © Hilo), pipoy © B © (Hop) ™ 0 (Ho) ™ =

A,s Au\—1 _ A,s Au—1 _
Hit) 1) © Bro © (Hpo) ™ = Hilpo) i) ©Apo © (Hpa) ™ = Aa

Similarly, U* is a conjugacy between A and B along the leaf W*(py).
Let © € W*(po) N W"(py). We will show that ¥ = W% equivalently,
HB,u o Hﬂ,u o HA,S o H‘B,s — Id.

Ppo,x Z,Po Ppo, T, Po

Using the definition of the holonomies and the assumption that A,, = B,,, we obtain

po>»

Hyttyo Hppy = lim (A7) 0 A7 o (Bp) ™ o BY) = lim (A7) 0 BY)

o, & , po
and
B,u Au e n n -1
Hyy'y o Hypy = lim (B, 0 (Afn,) ™)
Thus,
B,u A,u A,s B,s __ 12 n n -1 n\—1 n\ __
Hpo,x o Hx,po o Hpo,x © Hx,po - nh—golo (Bf*"m © (‘Af*"a:) © (‘Ax) © Bx) -
: n 2n —1 n
= lim (B, o (A7%,) " 0 BY).
We will show that do(B}_,, o (A7".,)~" o B, Id) — 0.
We consider an orbit segment {f~"z,...,z,..., f"(x)}. Since

dist(f"(z), f"(z)) < dist(f"(x), po) + dist(f"(z),po) < K A" for all n € N,
for all sufficiently large n we have
6, = dist(f " (x), fM(x)) < K A" < &,

where 0’ is as in the Anosov Closing Lemma 2.1. Hence there exists a periodic point
Pn = f?(p,) such that such that

dist(f“(x), f'(pn)) < 6, foreveryi= —n,...,n.

To simplify the notations we will write p for p,.
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We will prove that
dO(B;L% o (.A?ﬁnx)_l 0By, Bl .,o0 (.A?ﬁnp)_l oB)) =0 and
do(BY} -, 0 (AF2,,) "0 B Id) — 0.

We write BY B, and (A?Jinx)*l in terms of the values at p. Let

Y =Yn = V[/lic(p) n I/quéc<x)
Then for each : = —n, ..., n,
dist(f'(2), f'(y)) < c1dn and dist(f'(y), f(p)) < 10,
By property (H2) of the holonomies we have

n o __ B,u n Bau __ B,u B,s n B,s B,u
31’ - Hf"y,f"w © By © Hm,y - Hf"y,f"z © Hf"n fry © Bp © Hy,p © Hm,y'

By property (H3), for each of the holonomies above we have
deo(H,1d) < &(¢10,)P07) = goAmPla),
and by (2.6) it follows that

—ng

11

Bl = Hy o Bllo Hy, where do(Hy,1d) < 2¢, A" and do(Hs, Id) < 2c, A1),

By the bunching assumption,
|IDBI|| < Ko™ where o®IN@T) <1,
Using (2.5) we estimate
do(B;, 3;) = dO(Hl o 3; O HQ, BZ) S do(Hl,Id> + HDBZH . do(Hg,Id)
< 2, NPT 4 Ko™ - 20, NPT < g g AMALaTT)
Similarly,
do(BY -y, BYny) < e30™ NP and  do((AF"n,) ", (A7) ") < cg o AP,

Using (2.8) we deduce

Ao(B} -y © (AF,) ™ 0 BL, B, 0 (AF,) 1 0 BY) <

Ao(Brys B ) + | DB do((A2,) 7 (A7) )

DB I DEAZ,) | do(BE, BY) <
c3 0" NPT 4 Komes 0 NPT 4 Ko Ko™ e o NPT < gy g3n AmBla=r)

—ngy

Since r > 1 we have o? @) < g2(41N\B(=7) < 1 and hence o®"A\"#(4=7) — 0 as

n — Q.

Next we consider B, o (Aflinp)_l o B}. We observe that
(AF2n,) "t = ®ponpo (BI,) to L,

where
deo (P p-np, Id) = deo (P -np, @) < cdist(f"p,po)’ < A",
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Then using (2.5) we obtain
oA, (B10,)) = dol® -0y 0 (BY,) 0 @)L, (B7,) ) <

J7rp
do(Pgnp, Id) + [ D(BF20,) " do(@ L, ), 1) < A" + Ko™ eA™ < c5 02" A"

Finally, using (2.4) we estimate

do(B-n, 0 (Afﬁnp)*l 0B, Id) =

Qo(B-0 (A2, 0 B, B, 0 (BE,) 0 BY) =

do(BY-n, 0 (AT0y) ™", Blon, 0 (BFL,) 7Y <

DB, || do((AZ. )7 (B2, )71 < g0 NP — 0 as n — oo.
f="p I="p f="p
Therefore
do(B}-n, © (.A?ﬁnm)_l oBr Id) -0 asn — oo,

and we conclude that W3 = WY,

3.3. Extending the conjugacy V¥ to X.
We denote the homoclinic set of the fixed point py by .S, that is,

S =W?*(po) N W*(po).
For each x € S, we define
U, =W =Wt =H!S o Hpw = HU" o Hot

po, T Z,Po po, T z,po”

The homoclinic set S is invariant under f and dense in X [Bo]. The function V¥ :
S — Diff"(M) conjugates the cocycles on S. We will show that U is Hélder continuous
as function from S to Diff*(M). Then it extends to a Holder continuous function from
X to Diff*(M) that conjugates the cocycles.

First we establish boundedness of ¥ on .S in C". We take a sufficiently small € > 0,
let S” be a finite e-dense subset of .S, and let

Mg = max{||¥,|cr : we S}
Let x € S. Then there is w € S" with dist(z, w) < €, and we let z = W} (x) N W} (w).
Then z € S and
U, = HY oW, 0 HPY = B o HY: oW, 0 HYS 0 HYY.
By property (H3) and (H3) of the holomomies, there exists a constant My such that
|H w5 | or < My and ||Hy*||or < My whenever y € Wl ().

loc
Applying Lemma 2.3 four times we obtain
1ollor = | HZy 0 Hyt oWy, 0 Hyl o HYYlor <
M, ||HZy o Hyps o Wy 0 Hylor - (L4 [ H 2 le,)" <
MP|HZ o HyZ o Wylle, - L+ [ Hy o) - L+ [HD le,)" < -+ <

M My - (14 My)" - (14 Mg)* =: M.
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Similarly, || ¥ !cr < M.

Let z and y be two sufficiently close points in S. The point z = W}k (z) N W} (y) is
also in S, and max{dist(z, z), dist(y, 2) } < ¢7dist(z,y).

Denoting H jf’“ o ¥, by ¢g and applying Lemma 2.5 we obtain

T

det (W, 0,) = dee(H Y o W, 0 Hy Y, W,) <

dee(H oW, 0 Hot, HYY oW, 01d) + dee(HZ o U, Id 0 1)) <
M (llgller + (L + g ler)") - de, (Hp 2, 1) +

+M(1ller + 1+ 19 o)) - de, (H2, 1)

Since ||H{||ler < My and ||¥y)ler < Mg, the norm [|gllcr is bounded by Lemma
2.3. The “provided that” condition in Lemma 2.5 holds since the quantity (2.11) is
uniformly bounded away from 0, and by taking points x and y, and hence x and z,
sufficiently close we can make d¢,(H74,1d) and dc, (H2*,1d) as close to 0 as needed.

Using properties (H3) and (H3) of the holomomies of A and B respectively we obtain
do (W, W.) < M'd(w, 2)700 00 < Md () 000",

We conclude that ¥ : S — Diff(M) is Hélder continuous on S with the exponent
B(q — 7)(r — t)%. Hence extends to a Hélder continuous function ¥ : X — Diff*(M)
with the same exponent, and the extension conjugates the cocycles.

3.4. Removing the fixed point assumption.
Now suppose that pg is a periodic point of f with minimal period k£ > 1, and so pg is
fixed by f*.

We consider the iterated cocycles A* and B¥ over f* with A’;O = B’;O and ¢, = Id.
The arguments in Sections 3.2 and 3.3 give a Holder continuous conjugacy ¥ : X —
Diff* (M) between A*¥ and B* with ¥, = Id. We will show that ¥ is also a conjugacy
between A and B following the approach of [BK16, Sch99].

We consider a point z € W*(pg) N W(f*"1(py)), so that f(x) € W¥(py). We will
show that

(3.5) v, =A"'o \I/f(x) oB,, thatis, A, =W; 0B, 0V

Since such points x are dense in X and all the functions are continuous, it follows that
the equation holds for all x € M.
Now we prove (3.5). Using equations (3.4) we obtain

‘I]:E — \I/; = prf};’s O Hgl;s =
= lim (A" o AT o (BIF) 71 o BIF = lim (AZF)"' o BIF, and

n—o0 n— oo
T \T 'Aka Bk: J— 3 k k —1
Vpe = Vi, = Hy gy o Hy,p = lim A7% g, 0 (B p,)
= lim A1, 0 (B ir,) !

n—o0
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Then
AT oWy, 0B, = lim ATFL, o (BTN, )7

n—oo
So we need to show that

lim (A") " o BIF = lim ATM L, o (BIEL, )7
n—>oo( x ) xT N oo f—nk+1z ( f—nk+1x)

Since both limits exist in Diff" (M), so does

lim B;’j;,}Hx o (A?J}’j;;+1w)—1 o (A™) 1o B™ = lim B;’j;,jﬂx o (Afff’i?ilx)‘l o BF,

n—oo n—oo

and it suffices to prove that this limit equals the identity. We show that
do(BYE b, 0 (AZ00h,) o B 1d) = 0 as n — oo

We recall that = € W?(py) and f(z) € W%(po). Hence f~"**1(z) = f~"*(f(z)) is in
W"(po) for every n € N. Therefore by (2.1) there is a constant K, such that for all
n €N,

dist(f™z, po) < %Kx)\”k and dist(f ™"z, po) < %Kx/\"k.

Let ¢’ be as in Anosov Closing Lemma 2.1. For all sufficiently large n, we have
Op = dist(f*x, f7 ) < KA < 0,
and we can apply the lemma to the the orbit segment {f‘z : i = —nk + 1,...,nk}.
Thus there exists a periodic point p, = f2**~1(p,) such that
dist(fi(z), fi(pn)) < 6 < (KA fori=—nk+1, ... nk.

We note that dist(p,, po) < /A"F.

The rest of the argument is almost identical to the one in Section 3.2, where we
showed that
do (B, 0 (AF0,) 1 0BT, Id) = 0 as n — .

Therefore W : X — Diff*(M) is also a conjugacy between A and B with ¥ (p,) = Id.
This completes the proof of Theorem 1.1.

4. PROOFS OF THEOREMS 1.2 AND 1.3

The stable and unstable holonomies of the constant cocycle B are trivial, that is,
equal the identity map on M. In Theorem 1.2, condition (2.14) is satisfied by the
assumption on A in (2). In Theorem 1.3, we use the following proposition on cocycles
with bounded periodic data.

Proposition 4.1. (From Theorem 1.2(ii) in [S19] and beginning of its proof.)

Let (X, f) be a hyperbolic system, let M be a compact connected manifold, let k € N,
and let A be a bounded Diﬁkﬂ(/\/l)-valued cocycle over f.

If the periodic data set {A'g : p=f*p, p € X, k € N} is bounded in Diff*(M), then
(i) The set {A? : x € X, k € Z} is also bounded in Diff*(M),
(ii) For each o > 1 there exists K > 0 such that for all x € X,
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A% |orir < Ko™l for alln € Z.

By the assumption (1), the cocycle B in the Theorem 1.3 has a periodic data set
bounded in Diff'(M). Since periodic data conjugacy ® is also bounded in Diff*(M)
by (2'), it follows that the periodic data of the cocycle A is bounded in Diff'(M).
Therefore, A satisfies the conclusions (i) and (ii) of Proposition 4.1. We take r =
(t 4+ q). Then A has stable holonomies as in Proposition 2.6, as well as the unstable
holonomies.

Thus in Theorems 1.3 and 1.2, the cocycle A has stable and unstable holonomies in
Diff"(M) as in Proposition 2.6. Since the holonomies of B are trivial, we will write
just H;  and HY, for the holonomies H;,¥ and H'' of A.

4.1. Construction of a conjugacy ¥ on the homoclinic set of a fixed point.
Let py be a fixed point of f. As in the proof of Theorem 1.1 we conjugate the cocycle
B by ®(po) and obtain another constant cocycle. So we assume that

Ap, =B,y =B and &, =Id.

We will construct a Hélder continuous conjugacy ¥ : X — Diff*(M) between A and
the adjusted cocycle with the exponent (¢ — r)(r — ). Then U = T o ¢, will
be a conjugacy between A and and the original B with values in Diff*(M), Holder
continuous with exponent 5(q —r)(r —t)(q¢ — t).

First we define conjugacies ¥* and U* on the stable and unstable leaves of the fixed
point q. We set
o=V, =9, =1Id,

Ve =H'  forxz e W (py),

Ppo,T

e =H forxe W*(p).

po.x
By the property (H2) of the holonomies we have A, = H}, oA, o H; . Using this
as well as py = f(po) and A,, = B, we obtain
?ZE °oBo (\I;;)—l - H;({Zcx °oBo (H;égo)ym)_l - H;O,f(w) © Ay © H;,po
So W* is a conjugacy between A, and B on W?*(py), and similarly ¥" is a conjugacy
on W*(po).
Let & be a homoclinic point for g, that is, x € W?*(py) N W*(py). We will show that

WS =% thatis, (U%)'oW'=H’ oH" =Id

Z,P0 Z,Po

= A,.

In Theorem 1.3, since the diffeomorphisms {B™ : m € N} have uniformly bounded
first derivatives and M is compact, the sequence {B™ : m € N} is uniformly bounded
and equicontinuous. Hence it has a subsequence {B"¢} that converges uniformly on
M to a continuous map B. Then we choose a subsequence {my,} of {m,} such that
{B™™4} converges uniformly on M to a continuous map B. In Theorem 1.2, such a
sequence is obtained using pre-compactness of {B™ : m € Z} in C°(M). We have
BoB = BoB =1d, and so B is a homeomorphism. Thus there is a sequence {my, } such
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that {B™} converges to a homeomorphism B in Homeo(M). Tt follows that there is
an increasing sequence {ny} of the form ny = my, — my such that {B™} converges to
the identity map on M in Homeo(M).
Since A,, = B, we also have
Ayt — 1d  in Homeo(M).
For this sequence {n;} the holonomies of A can be written as
H: = lim (AZO)_1 o A? = lim (A”’“) o AZF) = lim AZk,
n—o0 k—ro0

*.po k—o00

where convergence is in Homeo(M). Similarly, since py = f~"(pg), we have

u . —ng\—1 —ng ng Nk -1 _ Nk
o = Jlim (A)7 0 A = Jim AR, )0 (ATnngy) = AT
Therefore, with convergence in Homeo(M), we have
s\—1 u s u : ng ng _ 2ny,
(41) (\px) © \II Hacpo © ‘[{po7 klinolo‘Ax © ‘Affnk( ) 14:11—>rgoA "k (x)"

We will show that AY™,  — Id.

Let ¢ be as in the Anosov Closing Lemma 2.1. We consider an orbit segment
{f™ax,...;z, ... f(x)}. For all sufficiently large k& we have

O = dist(f "z, [ (x)) < K A™ < 4.

Hence there exists a periodic point pr = f>"(py,) whose orbit {py, ..., f>™(px)} is close
to the orbit segment above, and in particular

dist(f™x,pp) < 0 and  dist((f™x), pr) < Oy

Now we show that .Ajﬁ’i,k (@) is close to Af,:k. By the local product structure there

y = Wie(f 7™ x) " Wig.(pe)-
Then dist(f"z,y) < ¢10, and the orbit segment {y, ..., f>"(x)} is close to both
orbit segments {f "z, ..., f™(z)} and {pg,..., [*™(pr) = pi}. It follows that

fQNky = I/Vl‘j)c(fnkx) N Vquéc(pk)? and so dlSt(ankyvpk) < Clék-

Then applying (2.16) with dco to f~™x and y, and to f2"*y and f?*"*p, = p;, we obtain
deo((A7™) o AT, 0 1d) < edist(y, [ ()P4 < ¢(e16,)79™  and
deo(AZ o (AZ™) 7 1d) < ey dy)P@.

Now we show that dj (A2"’“ Ai:k) — 0. We have

exits a unique point

do(AT™, )s Apt) < d0<A2@;k oy A) A deo (A, ADIE) =

n n 2n n n n nE\— n
do(A; ko(Aj DNloA ook ()7 AZY 4 do (AL, AZ o (AZH) 7o AZM) =
oA o (A 0 ) i, A (),

and the last term is at most c(c;6;)%@™™ — 0 as k — oo.
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In Theorem 1.3, the iterates of A have uniformly bounded first derivatives, and so

do(AZ™ o (AZ™) 71 0 AT, LAY <y do (A7) Mo AR, Td) < ead) .

k()
In Theorem 1.2, we use the assumption (2). The condition o20+"\5@=") < 1 implies
o2\ < 1 and we estimate
n N\ — 2n n n ng\— 2n
do(A7™ o (A )~ o AR, L ARTE) <[ DAGE| - do (A7) T o AT, L 1d)
< Ko -c(clék)ﬁ(q_” < Ko?™ . g mhlam) < c5(02)\ﬁ(q_r))”k — 0 as k — oo.
Thus in both settings we have
do(AT™, oy Apt) = 0 as k — oo,

We recall that A2 = ®(p,)~' o B*™ o ®(pi), and that B>* — Id in C° since
B™ — 1d in C°. We have

do(Ap*, Id) = do(®@(pi) ™" 0 B*™ 0 ®(py), Id) = do(®@(px) ™" 0 B>, (p1,) ™).

Pk

In Theorem 1.3, since the set {®(p)} is bounded in Diff* (M), this is at most cg do( B>, 1d),
which tends to zero. In Theorem 1.2, the family of maps {®(p)~!} is pre-compact in
C? and hence equicontinuous, and it follows that

do(®(pi) ™" 0 B*™, ®(p)~') — 0.

Thus
— 1d,

Pr

do(A3, 1d) = 0 and hence AL, -

and using (4.1) we conclude that

s\—1 [T T 2ng
We denote the set of homoclinic points for the fixed point py by S. For each z € S
we define

—=1d, thatis, W% ="

U, =V =0
which gives a conjugacy between A and B on S. Since ¥, = H,, ,, and the holonomies
are in Diff"(M), we have U, € Diff"(M).

Extending the conjugacy ¥ to X is done as in the proof of Theorem 1.1, but
the estimates are simpler since the holonomies of B are trivial.

REFERENCES

[AKL18] A. Avila, A. Kocsard, and X. Liu. Livsic theorem for diffeomorphism cocycles. Geometric
and Functional Analysis 28 (2018), 943-964.

[BK16] L. Backes and A. Kocsard. Cohomology of dominated diffeomorphism-valued cocycles over
hyperbolic systems. Ergodic Theory Dynam. Systems (2016), 36, 1703-1722.

[Bo] R. Bowen. Equilibrium States and the Ergodic Theory of Anosov Diffeomorphisms. Lecture Notes
in Mathematics, Vol. 470, Springer-Verlag, 1975.

[dILO99] R. de la Llave and R. Obaya. Regularity of the composition operator in spaces of Holder
functions. Discrete and Continuous Dynamical Systems, 5 (1999), no. 1, 157-184.



PERIODIC DATA CONJUGACY FOR DIFFEOMORPHISM COCYCLES 18

[dILW10] R. de la Llave and A. Windsor. Livsic theorem for non-commutative groups including groups
of diffeomorphisms, and invariant geometric structures. Ergodic Theory Dynam. Systems, 30, no.
4 (2010), 1055-1100.

[GG17] G. Grabarnik and M. Guysinsky. Livsic theorem for Banach rings. Discrete and Continuous
Dynamical Systems, Vol. 37, Issue 8 (2017), 4379-4390.

[K11] B. Kalinin. Livsic theorem for matriz cocycles. Annals of Mathematics, 173 (2011), no. 2, 1025-
1042.

[Liv71] A. N. Livsic. Homology properties of Y-systems. Math. Zametki 10, 758-763, 1971.

[Liv72] A. N. Livsic. Cohomology of dynamical systems. Math. USSR Izvestija 6, 1278-1301, 1972.

[KS26] B. Kalinin and V. Sadovskaya. Periodic data rigidity for cocycles and hyperbolic automor-
phisms. Preprint.

[KtH] A. Katok and B. Hasselblatt. Introduction to the modern theory of dynamical systems.
Encyclopedia of Mathematics and its Applications 54, Cambridge University Press, 1995.

[KP16] A. Kocsard and R. Potrie. Livsic theorem for low-dimensional diffeomorphism cocycles, Com-
ment. Math. Helv. 91 (2016), 39-64.

[Pa99] W. Parry. The Livsic periodic point theorem for non-Abelian cocycles. Ergodic Theory Dynam.
Systems, 19(3), 687-701, 1999.

[S13] V. Sadovskaya. Cohomology of GL(2,R)-valued cocycles over hyperbolic systems. Discrete and
Continuous Dynamical Systems, vol. 33, no. 5 (2013), 2085-2104.

[S15] V. Sadovskaya. Cohomology of fiber bunched cocycles over hyperbolic systems. Ergodic Theory
Dynam. Systems, Vol. 35, Issue 8 (2015), 2669-2688.

[S19] V. Sadovskaya. Boundedness and invariant metrics for diffeomorphism cocycles over hyperbolic
systems. Geometriae Dedicata, Vol. 202, Issue 1 (2019), 401-417.

[S22] V. Sadovskaya. Diffeomorphism cocycles over partially hyperbolic systems. Ergodic Theory Dy-
nam. Systems. Vol. 42, Tssue 1 (2022), 263-286.

[Sch99] K. Schmidt. Remarks on Livsic theory for non-Abelian cocycles. Ergodic Theory Dynam.
Systems, 19(3), 703-721, 1999.

DEPARTMENT OF MATHEMATICS, THE PENNSYLVANIA STATE UNIVERSITY, UNIVERSITY PARK,
PA 16802, USA.
E-mail address: sadovskaya@psu.edu



