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ABSTRACT. We consider Holder continuous fiber bunched GL(d, R)-valued cocycles
over an Anosov diffeomorphism. We show that two such cocycles are Hélder continu-
ously cohomologous if they have equal periodic data, and prove a result for cocycles
with conjugate periodic data. We obtain a corollary for cohomology between any
constant cocycle and its small perturbation. The fiber bunching condition means
that non-conformality of the cocycle is dominated by the expansion and contraction
in the base. We show that this condition can be established based on the periodic
data. Some important examples of cocycles come from the differential of the diffeo-
morphism and its restrictions to invariant sub-bundles. We discuss an application of
our results to the question when an Anosov diffeomorphism is smoothly conjugate to
a Cl-small perturbation. We also establish Holder continuity of a measurable con-
jugacy between a fiber bunched cocycle and a uniformly quasiconformal one. Our
main results also hold for cocycles with values in a closed subgroup of GL(d,R), for
cocycles over hyperbolic sets and shifts of finite type, and for linear cocycles on a
non-trivial vector bundle.

1. INRODUCTION

Cocycles and their cohomology arise naturally in the theory of group actions and
play an important role in dynamics. In this paper we study cohomology of Hdélder
continuous group-valued cocycles over hyperbolic dynamical systems. Our motivation
comes in part from questions in local and global rigidity for hyperbolic systems and
actions, where the derivative and the Jacobian provide important examples of cocycles.
We state our results for the case of an Anosov diffeomorphism, but they also hold for
cocycles over hyperbolic sets and symbolic dynamical systems.

Definition 1.1. Let f be a diffeomorphism of a compact manifold M and let A be a
Holder continuous function from M to a metric group G. The G-valued cocycle over
f generated by A is the map A: M X Z — G defined by

A(x,0) =A% =eq, Alx,n)=A"=A(f"'z)o---0Alx) and
Alw,—n) = A" = (Afn,) " = (A(f"2)) T oo (A(f'2))™!, neN.

If the tangent bundle of M is trivial, i.e. TM = M x R?, then the differential D f can
be viewed as a GL(d,R)-valued cocycle: A, = Df, and A} = DfI. More generally,

* Supported in part by NSF grant DMS-1301693.
1



COHOMOLOGY OF FIBER BUNCHED COCYCLES OVER HYPERBOLIC SYSTEMS 2

one can consider restrictions of D f to invariant sub-bundles of T M, for example stable
and unstable. Typically, these sub-bundles are only Holder continuous, and hence so
are the corresponding cocycles. On the other hand, Holder regularity is necessary to
develop a meaningful theory for cocycles over hyperbolic systems, even in the simplest
case of G = R.

Definition 1.2. Cocycles A and B are (measurably, continuously) cohomologous if
there exists a (measurable, continuous) function C : M — G such that

(1.1) A = C(f"z)oB o C(z)™"  foralln € Z and x € M,
equivalently, A, = C(fx)o B, o C(x)™' for allx € M.

We refer to C' as a conjugacy between A and B. It is also called a transfer map.

Holder continuous cocycles over hyperbolic systems have been extensively studied
starting with the seminal work of A. Livsic [Liv71, Liv72]. The research has been
focused on obtaining sufficient conditions for cohomology in terms of the periodic data
and on studying the regularity of the conjugacy C, see [KtN] for an overview.

Definition 1.3. Cocycles A and B have conjugate periodic data if for every periodic
point p = f"(p) in M there ezists C(p) € G such that

(1.2) A, :C(p)o'BZoC(p)_l.

Clearly, having conjugate periodic data is a necessary condition for continuous co-
homology of two cocycles, and it is natural to ask whether it is also sufficient. If G
is an abelian group, the problem reduces to the case when B is the identity cocycle,
ie. B, = eg, and the periodic assumption is simply A) = eg. The positive an-
swer for this case was given by A. Livsic [Liv71]. Even for non-abelian G, the case
of B = eg has been studied most and by now is relatively well understood, see for
example [Liv72, NT95, PWO01, LW10, K11].

For non-abelian G, however, the general problem does not reduce to the special case
B = eq and is much more difficult. There are very few results for non-abelian groups,
and almost none beyond the essentially compact case. Even when C(p) is bounded the
answer is negative in general [S13]. If C'(p) is Holder, conjugating B by the extension of
C reduces the problem to the case of equal periodic data, i.e. Aj = B}. Positive results
for equal periodic data, as well as some results for conjugate data, were established by
W. Parry [Pa99] for compact G and, somewhat more generally, by K. Schmidt [Sch99]
for cocycles with “bounded distortion”. First results outside this setting were obtained
in [S13] for certain types of GL(2,R)-valued cocycles.

In this paper we consider fiber bunched cocycles with values in GL(d,R) or its
closed subgroup. We establish Holder cohomology for cocycles with equal periodic data
and prove a result for cocycles with conjugate periodic data under a mild regularity
assumption on C(p). The fiber bunching condition (2.2) means that non-conformality
of the cocycle is, in a sense, dominated by expansion and contraction in the base.
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In particular, conformal and uniformly quasiconformal cocycles satisty this condition.
Fiber bunching and similar assumptions ensure convergence of certain iterates of the
cocycle and play a crucial role in the non-commutative case. We show that fiber
bunching can be obtained from the periodic data, and hence we assume it for only one
of the cocycles. We obtain a corollary for perturbations of any constant cocycle, not
necessarily fiber bunched.

We also consider a related question whether a measurable solution C' of (1.1) is
necessarily continuous. Even the case of B = eg remains open in full generality, but
positive answers were obtained under additional assumptions [Liv72, GSp97, NP99,
PWO01]. The case of two arbitrary cocycles with values in a compact group was resolved
affirmatively by W. Parry and M. Pollicott [PaP97], and by K. Schmidt [Sch99] for
cocycles with “bounded distortion”. Positive results for certain types of GL(2,R)-
valued cocycles were obtained in [S13]. On the other hand, examples of GL(2, R)-valued
cocycles which are measurably but not continuously cohomologous were constructed
in [PWO01], moreover both cocycles can be made arbitrarily close to the identity. This
shows that fiber bunching of the cocycles does not ensure continuity of C. In this paper
we establish Holder continuity of a measurable conjugacy under a stronger assumption
that one cocycle is fiber bunched and the other one is uniformly quasiconformal. For
smooth cocycles, higher regularity of the conjugacy then follows from [NT98].

We state the results on cohomology of cocycles in Section 2 and and give the proofs
in Section 4. We describe other settings for our results in Section 3. In Section 5 we
discuss an application to the question when an Anosov diffeomorphism is smoothly
conjugate to a C''-small perturbation.

We would like to thank Boris Kalinin for helpful discussions.

2. STATEMENT OF RESULTS ON COHOMOLOGY OF COCYCLES

Anosov diffeomorphisms. Let M be a compact connected Riemannian manifold.
We recall that a diffeomorphism f of M is called Anosov if there exist a splitting of
the tangent bundle 7'M into a direct sum of two D f-invariant continuous subbundles
E¢ and F*, a Riemannian metric on M, and continuous functions v and © such that

(2.1) IDFVAI < w(z) <1 <w(z) <[[DFVY]]

for any x € M and unit vectors v* € E*(x) and v* € E"(x). The distributions E*
and E“ are called stable and unstable. They are tangent to the stable and unstable
foliations W* and W* respectively (see, for example [KtH]). A diffeomorphism is said
to be transitive if there is a point x in M with dense orbit. All known examples of
Anosov diffeomorphisms have this property.

Standing assumptions. In this paper,

f is a C? transitive Anosov diffeomorphism of a compact connected manifold M,
A and B are B-Hélder continuous GL(d,R)-valued cocycles over f.
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We denote by ||A|l the operator norm of the matrix A and we use the following
distance on GL(d,R): d(A,B) = ||A— B| + ||[A~' — B7}.

A GL(d,R)-valued cocycle A is S-Holder continuous if there exist constant ¢ such
that d(A,,A,) < cdist(z,y)’? for all z,y € M.

Definition 2.1. A g-Hdélder continuous cocycle A over an Anosov diffeomorphism f is
fiber bunched if there exist numbers 6 < 1 and L such that for all x € M and n € N,

(22) MR- IAD T )7 < Lo™ and A" II(AZ") M- (27)7 < Lo™,
where v =v(f"z)---v(z) and ;" = (O(f"x)) - (0(f )
First we establish Holder cohomology for cocycles with equal periodic data.

Theorem 2.2. Suppose that a cocycle A is fiber bunched and a cocycle B has the
same periodic data, i.e. By = A} whenever f"(p) = p. Then A and B are 3-Holder
continuously cohomologous. Moreover, if A and B take values in a closed subgroup of
GL(d,R), then a B-Hdlder continuous conjugacy between them can be chosen in the
same subgroup.

In this theorem we assume fiber bunching only for A, as for B it follows from the
proposition below. We give a necessary and sufficient condition for a cocycle to be
fiber bunched in terms of its periodic data in Corollary 4.2.

Proposition 2.3. Suppose that a cocycle A is fiber bunched and B has conjugate
periodic data. Then B is also fiber bunched.

Now we consider the question whether conjugacy of the periodic data for two cocycles
implies cohomology. The case of Holder congugacy of the periodic data easily reduces
to the case of equality. Indeed, one can extend the Hélder continuous function C(p)
to M and consider the cocycle B, = C(fx) o B, o C(x) so that A and B have equal

periodic data. By Theorem 2.2 the cocycles A and B are Holder cohomologous, and
hence so are A and B.

On the other hand, Example 2.7 in [S13] shows that boundedness assumption for the
conjugacy is too weak: arbitrarily close to the identity, there exist smooth GL(2,R)-
valued cocycles that have conjugate periodic data with C(p) uniformly bounded, but
are not even measurably cohomologous.

In the next theorem we assume that the diffeomorphism f has a fixed point. It is
an open question whether every Anosov diffeomorphism satisfies this assumption. We
obtain Holder cohomology of the cocycles if C'(p) is Holder continuous at a fixed point.
If we assume that C(p) is Holder continuous at a periodic point p = f¥p, then the
theorem yields Hélder cohomology of the iterates AY and BY over fV.

Theorem 2.4. Suppose that A is fiber bunched and B has conjugate periodic data.
In addition, suppose that f has a fized point py and the conjugacy C(p) is B-Holder
continuous at po, i.e. d(C(p),C(po)) < cdist(p,po)? for every periodic point p.
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Then C(po) extends to a unique 5-Hélder continuous conjugacy C between A and B.
Moreover, if A, B, and C(py) take values in a closed subgroup Gy of GL(d,R), then
C(z) € Gy for all .

The corollary below gives a similar result for a constant cocycle and its perturbation
without the fiber bunching assumption. The proof is outlined in the end of Section 5.

Corollary 2.5. Suppose that A is a constant cocycle, and B is sufficiently close to A
and has conjugate periodic data. In addition, suppose that f has a fized point py and
C(p) is Hélder continuous at py. Then A and B are Hélder continuously cohomologous.

Next we consider the question whether a measurable conjugacy between two fiber
bunched cocycles is continuous. An example in [PWO01] demonstrates that the answer
is negative in general: arbitrarily close to the identity, there exist smooth GL(d,R)-
valued cocycles that are are measurably, but not continuously cohomologous. Thus we
make a stronger assumption that one of the cocycles is uniformly quasiconformal.

Definition 2.6. A cocycle B is called uniformly quasiconformal if the quasiconformal
distortion Kg(z,n) = [|B"]-|[(B")7 | is uniformly bounded for allz € M andn € Z.
If Kx(x,n) =1 for all x and n, the cocycle is said to be conformal.

Theorem 2.7. Suppose that A is fiber bunched and B is uniformly quasiconformal.
Let v be an ergodic invariant measure with full support and local product structure.

Then any p-measurable conjugacy between A and B is S-Holder continuous, i.e. it
coincides with a B-Holder continuous conjugacy on a set of full measure.

A measure has local product structure if it is locally equivalent to the product of its
conditional measures on the local stable and unstable manifolds. Examples of ergodic
measures with full support and local product structure include the measure of maximal
entropy, more generally Gibbs (equilibrium) measures of Holder continuous potentials,
and the invariant volume if it exists [PWO01].

3. OTHER SETTINGS

Other systems in the base. Our results hold and the proofs apply without significant
modifications to GL(d, R) -valued cocycles over mixing locally maximal hyperbolic sets
and over mixing shifts of finite type. Mixing holds automatically for transitive Anosov
diffeomorphisms of connected manifolds. We briefly describe the other two settings.

1. Cocycles over hyperbolic sets. (See [KtH| for more details.) Let f be a
diffeomorphism of a manifold M. A compact f-invariant set A C M is called hyperbolic
if there exist a continuous D f-invariant splitting ThM = E* & E*, and a Riemannian
metric and continuous functions v, # on an open set U D A such that (2.1) holds for
all z € A. A -Holder cocycle over the map f|, is fiber bunched if (2.2) holds on A.

The set A is called locally mazimal if A = (0, o, f~"(U) for some open set U D A.
The map f|, is called topologically mizing if for any two open non-empty subsets U, V'
of A there is N € N such that f*(U)NV #( for all n > N.
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2. Cocycles over shifts of finite type. Let () be k£ x k matrix with entries from
{0, 1} such that all entries of QV are positive for some N. Let
Y={r=(xpnez | 1<, <k and Qy,4,,, =1 foreveryn e Z}.

The shift map o : ¥ — ¥ is defined by (0(z)), = Z,41. The system (X, 0) is called a
mixing shift of finite type. ¥ has a natural family of metrics d,, a € (0, 1), defined by
do(z,y) = ") where n(z,y) = min{|i| | 2; # v}

The following sets play the role of the local stable and unstable manifolds of z:
Wie(w) ={y |z =y, 120}, Wi(e)={y| =y, i<0},
indeed for n € N,
do(0"(x),0"(y)) = a"du(x,y) fory e W; (z),
do(0™" (), 07"(y)) = " da(x,y) fory € Wi, (z).
Hence the main distance estimate (4.3) in our proofs holds with v = a« and 7 = 1/a. A

B-Holder cocycle A over (3, 0,d,,) is fiber bunched if there are § < 1 and L such that
LAZI - (A Y- ol < L™ for all n € Z.

Linear cocycles over an Anosov diffeomorphism. A GL(d,R)-valued cocycle
over f can be viewed as an automorphism of the trivial vector bundle & = M x R,
More generally, we can consider linear cocycles over f, i.e. automorphisms of a d-
dimensional vector bundle £ over M covering f, see [KS13] for details of this setting
including Holder regularity. The results (except for statements about subgroups) and
the proofs extend directly to this context.

4. PROOFS

4.1. Fiber bunching and periodic data. In this section we prove Proposition 2.3
and then we formulate the fiber bunching condition in terms of the periodic data.

Proof of Proposition 2.3. The proof relies on the following result on subadditive
sequences. Let f be a homeomorphism of a compact metric space X. A sequence of
continuous functions a,, : X — R is called subadditive if

ank(7) < ap(x) + a,(fFz) forallz € X and n,k € N.

Let u be an f-invariant Borel probability measure on X and let a,, (1) = f + Gndpt. Then
k(1) < an(p) + ag(p), ie. the sequence of real numbers {a, (1)} is subadditive. It
is well known that for such a sequence the following limit exists:

an(p) . f an(p)

x(a; p) = lim - inf —

Also, by the Subaddititive Ergodic Theorem, if the measure p is ergodic then

lim 4nlT) (z)
n—oo n

= x(a,p) for p-almost all z € X.
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Lemma 4.1. [KS13, Proposition 4.9] Let f be a homeomorphism of a compact metric
space X and a, : X — R be a subadditive sequence of continuous functions.

If x(a, ) < 0 for every ergodic invariant Borel probability measure p for f, then
there exists N such that ay(z) <0 for allx € X.

We will apply this result to the sequence of functions

aq(x) = log (| By - [(B) 7| - (1))
It is easy to verify that this sequence is subadditive. To show that it satisfies the
assumption of Proposition 4.1, we consider Lyapunov exponents of cocycles.
Let p be an ergodic f-invariant measure, and let A, (B, ) and A_(B, p1) be the largest
and smallest Lyapunov exponents of B with respect to u. We recall that

1 1
A(B,p) = lim —log||B"| and A_(B,u) = lim —log|(B")~|
n—o0o 1, n—oo 1,

for p almost every x € M (see [BPe, Section 2.3], for more details).
Let p = f*p be a periodic point for f. The largest and smallest Lyapunov exponents
of B with respect to the invariant measure g, on the orbit of p satisfy

1
A (B, pp) = A log (the largest/smallest |eigenvalue of B |) .

Since the matrices A¥ and B are conjugate, it follows that Ay (B, p,) = A (A, 11p)-
For the scalar cocycle 17, \(v?, u) = Sy log v(z)? du by the Birkhoff Ergodic Theo-
rem, in particular A(v?, i) = log(vh)”.
Since the cocycle A is fiber bunched, there are numbers L and € < 1 such that
AN AT - () < Lo
for every x € M and n € N. It follows that

.1 n ny— n
A (AL ) = A~ (A, 1) + AP, 1) = Tin = Tog (A7) - (A7) )+ ()%) < Tog < 0,

and hence
A (B, 1) = A= (B, i) + AV, 1) < log < 0.

We consider the cocycle F = B @ v over f. By [K11, Theorem 1.4], the Lyapunov
exponents A; < ... < \; of F with respect to an ergodic invariant measure p (listed
with multiplicities) can be approximated by the Lyapunov exponents of F at periodic
points. More precisely, for any € > 0 there exists a periodic point p € M for which the
Lyapunov exponents Aﬁp) <. < /\((f) of F satisfy |\; — /\Ep)] <efori=1,...,d.

Thus for the sequence of functions a,(x) = log (||B|| - ||(B™)~!|| - (v™)?),

(@) < tim 22

n—00 n

= )‘+(va“) - )‘—(‘Bﬁj’) + )‘(Vﬁnu) <0.

Now it follows from Lemma 4.1 that there exists NV such that ay(z) < 0 for all z, i.e.
(4.1) IBN| - BN - (vY)P <1 forall x € M.
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By continuity, there exists § < 1 such that the left hand side of (4.1) is smaller than 0
for all z. Writing n € N as n = mN + r, where m € NU {0} and 0 <r < N, we get

(4.2) B - 1B M- ()" < LO™, where L= max (||By]| - |(B5) (| - (v)7).

The corresponding inequality with © is obtained similarly, and we conclude that the
cocycle B is fiber bunched. O

The argument implies the following.

Corollary 4.2. A cocycle B is fiber bunched if and only if there exists a number n < 0
such that for every f-periodic point p = f*p,

1 largest |eigenvalue of BE |
A (B, ) — A (B MNP ) = —1 L (yk)8
+(B. 1p) (B pp) + AW 1p) poe (smallest | eigenvalue of B | )" | <

and the corresponding enequality holds for v.

4.2. Holonomies. An important role in our arguments is played by holonomies. We
follow the notations and terminology form [V08, ASV] for linear cocycles.

Let £ = M x R? be a trivial vector bundle over M. We view A, as a linear map
from &,, the fiber at x, to s, so A7 1 &, — Epny and A" 1 & — Epny.

Definition 4.3. A stable holonomy for a linear cocycle A : € — £ is a continuous
map HY : (z,y) — HS, where x € M, y € W*(x), such that

x,y’
(H1) H}3 is a linear map from &, to &,;
(H2) Hﬁ’; = Id and Hﬁ’j o Hﬁﬂ; — Hﬁj;
(H3) Hw = (A7)~ 'o Hﬁ{;fny o A" for alln € N,

Condition (H2) implies that (H;"5)~" = H;'.
The unstable holonomy H** are defined similarly for y € W¥(z) with

(H3') HAY = (A;™) "o HYY o A" for all n € N,

Yy frx, fy

We consider holonomies which satisfy the following Holder condition:
(H4) ||H2:™ —1d|| < cdist(z,y)?, where c is independent of z and y € I/Vlf)(cu)(x)

A local stable manifold W (z) is a ball in W#(z) centered at x of a small radius p
in the intrinsic metric of W#(z). We choose p small enough so that (2.1) ensures that
IDf,l| < v(z) for all z € M and y € W (x). Local unstable manifolds are defined
similarly, and it follows that for all n € N,

dist(f"x, ffy) < v - dist(z,y) for allz € M and y € W _(z),

4.3
(4:3) dist(f "z, f"y) < v, " - dist(x,y) forallz € M and y € W (z).
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Proposition 4.4. Suppose that a cocycle A is fiber bunched. Then A has unique stable
and unstable holonomies satisfying (H4). Moreover, for every x € M,

Hiy = lim (A7) o ALy € W(a),  and
n)—l o (A_ )) lim (‘Af (A?_nx)_l) , Y c WU(ZL')

x
n—oo

HAY = lim ((A,

n—oo Y

Proof. We will give the proof for the stable holonomies. The argument for the unstable
holonomies is similar. Under the fiber bunching condition “at each step”,

(4.4) 1B, - |1BY| - v(z)? <1 forall z € M,

existence of such holonomies was proved in [V08, ASV] and uniqueness in [KS13]. We
indicate how to extend these results to our setting.

Since the cocycle A is fiber bunched (in the sense of Definition 2.2) and v < 1, there
exist N € N such that for all n > N and z € M, ||A?| - [[(A")7| - (v*)% < 1. Thus
the cocycles A™ satisfy (4.4) and hence have unique stable holonomies.

The stable holonomies for AN and AN*! are also the stable holonomies for AN+
and hence they coincide by uniqueness. Let H = HA s = HAYs Clearly, H satisfies
the properties (H 1,2,4). Also, since HA" ™ and H*"* satisfy (H3),

H y = (Aév) o Hfo fNy © .AN (AN+1) o HfNJrlx’ fN+1y O AiV—H.
Hence
Hfo’fNy = (.AfNy)fl o HfN+1m7fN+1y o .Ame,
and it follows that H satisfies (H3). The stable holonomy for A satisfying (H4) is
unique since it is also a holonomy for AY. Thus H = H’*, and it remains to show
that it equals the limit.

By (H3), A} = (Hpng fny) ' 0 Ay o H%%, and hence by (H4) there is a constant ¢,
such that

(4.5) [Azll = cr[[Ay]]  for all x € M, y € W (x), and n € N.
Hence
1Hzy — () o ARl = [I(A}) ™ o (Hpay g, —1d) 0 AZ|| <
< AP A edist(frz, fry)” < eoll (A A1 ()7 — 0
as n — oo by (4.3) and fiber bunching. O
4.3. Relations between Holder conjugacies and holonomies.

Proposition 4.5. Let A and B be two fiber bunched cocycles and let C' be a B-Holder
continuous conjugacy between A and B. Then

(a) C intertwines the holonomies for A and B, i.e.

Hﬁj(“) =C(y)o ngj(“) oC(z)™" for every x € M and y € W (z).
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(b) C conjugates the periodic cycle functionals of A and B, i.e.
Hﬁf o Hﬁ’y” =C(x)o H;%f o Hf’&“ o C’(x)_1
for every x € M and y € W*(x) N W"(x).
(c) C is uniquely determined by its value at one point.

Proof. (a) Let x € M and y € W?*(z). By iterating x and y forward the problem
reduces to the case of y € W _(x). Since A(z) = C(fz) o B, o C(z)"!, we have

(Ay)~Ho Ay = Cly) o (By)~ o O(f"y) ' o C(f"2) o By o Clar) ™' =
(4.6) =C(y)o(By) ' o(Id+r,) 0 BroClx)™" =

=C(y)o(By) ' oBroC(z) " +C(y)o (B)) " or,oBloC(x)"
Hoélder continuity of C' and (4.3) imply that

Irall = IC(f"y)~" o C(f ) = Id[| < IC(f"y) ] - [C(f"2) = C(fy)ll <

< epdist(f"z, f*y)’ < e (%7)6'

Using (4.5), the above estimate, and fiber bunching of the cocycle B, we obtain
1(BY) ™" om0 Bl < I(BY) - lIrall - es 1By <
<cal|(By) - IByll - ()7 < esf™ =0 asn— oo,

Hence the second term in the last line of (4.6) tends to 0. Since lim (A7)~ 'o A = H»

n—oo

and lim (B})~' o BY = Hy¥, passing to the limit in (4.6) we obtain (a).

n—>00 Y7
The statement for the unstable holonomies is proven similarly and (b) follows im-
mediately from (a).
(c) Let C(z0) be given. By (a) for every y € W#(xy), the conjugacy at y is given by
C(y) = H;} o C(xo) o HL.
Since the stable manifold W?*(z) is dense in M and C is Hoélder continuous, C' is
uniquely determined on M. O

4.4. Cocycles over a diffeomorphism with a fixed point.

Outline of the proof of Theorem 2.4. Since the cocycle A is fiber bunched and B
has conjugate periodic data, B is also fiber bunched by Proposition 2.3. The theorem
then follows from Propositions 4.6 and 4.7 below. Somewhat more directly, the argu-
ment can be outlined as follows. We consider the cocycle B = C (p) o BoC(p)7t, so
that B, = A,, and the function C(g) = C(q)C(p)~", so that C(p) = Id. We construct

conjugacies between A and B along the stable and unstable manifolds of p
C*(x) = HS o Hﬁ’; for x € W*(p),
C(z) = Hﬁ’; o Hﬁ’;‘ for x € W"(p).
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The proof of Proposition 4.6 shows that if x is a homoclinic point for p, i.e. = €
W#(p) N W"(p), then

Hs o HA = HES o HEY de. C%(x) = C'(2) Y C(a).

p?x’

The proof of Proposition 4.7 shows that C' is g-Holder continuous on the set of homo-
clinic points, and hence it can be extended to M. C(z) = C(z)C(p) is a conjugacy
between A and B, and it is clear from the construction that it takes values in the closed
subgroup Gy. Uniqueness follows from Proposition 4.5(c). 0

Assumptions. In Propositions 4.6 and 4.7, the diffeomorphism f has a fixed point p
and the cocycles A and B are fiber bunched.

Proposition 4.6. Suppose that for each periodic point ¢ = f*q in a neighborhood U
of p there is C(q) € GL(d,R) such that

k _ k —1 . B
Ay =Clg)oByoC(q) and d(C(p),Clq)) < cdist(p,q)”.
Then C(p) conjugates the periodic cycle functionals of A and B at p, i.e.
A,s Au B,s Bu -1 s u
Hy 5o H) ' = C(p)o Hyw o H) o Clp)™  for every x € W¥(p) N W*(p).

The next proposition describes a sufficient condition for a conjugacy at a fixed point
to extend to a conjugacy between cocycles.

Proposition 4.7. Let C, € GL(d,R) be such that
(a) Ay =CpoB,o0C, " and
(b) Hp¥o HMw =ChoHyso HiwoCJt for every x € W*(p) N W*(p).
Then there ezists a unique [3-Hdélder continuous conjugacy C(x) between A and B such

that C(p) = C,. Moreover, if A and B take values in a closed subgroup Gy of GL(d,R)
and C, € Gy, then C(x) € Gq for all x.

We note that the first assumption on C), is obviously necessary, and so is the second
one by Proposition 4.5 (b). Thus a conjugacy C, between the matrices A, and B,
extends to a conjugacy between cocycles if and only if (b) is satisfied.

Proof of Proposition 4.6. First we modify the cocycle B so that the two cocycles
coincide at the fixed point p. We define the cocycle B and the function C'(q) by

B, =C(p)oB,oC(p)”" and C(g)=C(q)C(p)”", qeU.
The cocycle B is fiber bunched and B, = A,,. Also, AF = C(q) o BE 0 C(q)~" and
d(C(q),1d) < é&dist(p, q)° for all g € U.
We prove that for every x € W?*(p) N W*(p),
B,u Au A,s Bys _
Hy o Hy oy oH, oH 0 =1d

By Proposition 4.4, HE = C(p) o H® o C(p)~*, and Proposition 4.6 follows.
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In the rest of the proof, we write B for B and C for C to simplify the notations, and
we fix x € W*(p) N W*"(p). By Proposition 4.4,

Hywwo Hpy = lim ((A7)~" o Ap o (B))™ o By) = lim ((A})7" 0 By)
since B = A}, Similarly,
Hyto Hi = lim (B ny0 (A} ny)™") .

n—o0

Thus,
H2% o HA o HAS o HES = lim (B, o (A%..,) "o (A1) Lo BY),

n—so0
and we will show that the limit on the right hand side equals the identity.
Since x € W*(p) N W*"(p), by (2.1) there is a constant ¢; = ¢;(x) such that
dist(f"z, p) < vy - adistwsp)(z,p) and dist(f"z, p) < 0, " - exdistyu) (2, p),
and hence
dist(f"z, f"z) < co max{v), v, "}.

Therefore, for all sufficiently large n we can apply Anosov Closing Lemma to the orbit
segment {f*(z), i = —n,...,n} [KtH, Theorem 6.4.15]. Thus there exists a periodic
point ¢ = f?"q such that

dist(f'z, f'q) < csmax{v? 0;"} fori=—n, ... n.
Additionally, we assume that n is large enough so that f~"¢q € U.

Now we express B, , (A} .,)"" o (A})~!, and B} in terms of the values of the
cocycles at the corresponding iterates of ¢. To use the holonomies, we consider the
point

2 = Wige(q) N Wi ().
It is easy to see that for i = —n, ..., n,
(4.7)  dist(f'z, flz) < eymax{v?, o;"} and dist(f'z, f'q) < cymax{v?, "}
Since f'z € W) (f'z) and f'z € W _(f'q), by the properties (H3) and (H3') we have
n _ prBu n Bu _ prBu B,s n B,s B,u

Bw - Hf"z,f":p o Bz © Hx,z - Hf”z,f"m © Hf”q,f”z © Bq o Hz,q © Hx,z .

It follows from (H4) that
Hj;qB =1d + Riz?, where HRZ?H < cdist(z,q)ﬁ < cs(max{vy, ﬁ;”})ﬁ,

and similar estimates hold for the other holonomies due to (4.7). Thus we obtain
(4.8) B =(Id+ R)oBro(Id+ Ry), where ||R|, [R5 < co(max{vy,i;"})".
Similarly,

(4.9) BYt-n, = (Id + Ry) 0 B}, o (Id + RY)

(4.10)  (Afng) o (A7) = (AF%,) T = (Id + Rp) o (A7".,) " o (Id + RE).
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Since f™"q is a point of period 2n in the neighborhood U of p, by the assumption
there exists C'(f~"q) such that

Afﬁnq =C(f"q)o Bfﬁnq oC(f"q)"", where
(4.11) C(f"q)=Id+R! and C(f"q)"'=Id+ R} with
IRZIl, 1Rl < e dist(p, f"q)” < cs(max{vy, 7;"})".
Using (4.10) and (4.11) and combining terms of type Id + R}, we obtain

(4.12) (A} ny) t o (AN~ = (Id + R§) o (BF"n,) " o (Id + RYy)
Finally (4.8), (4.9), and (4.12) yield
(4.13) By © (Aony) o (AD) o BE =

— (Id+ ) 0 By o (Id+ By) o (BY_,,) ™ 0 (B o (Id + Riy) o BL o (Id + )
=Id+ B}, 0 Rj; 0 (B}‘_nq)_l + (BZ)_l o Riyo B, +
+Bhn, 0 RYy 0 (B}L_nq)_l o (CBZ)_l o Ry 0B, + smaller terms,
where ||R?|| < co(max{v?, ,;"})?. Since the cocycle B is fiber bunched,
IBY - IBGI - 177 < cro0™ and [ B[l - [(Bf-ng) ' - |1 BFI| < c1 6™

Thus we conclude that

Bi-ny 0 (fl?_nx)_l o(AM)toB" =1d+ R", where |R"|| < c120" — 0 asn — oo,
and hence

Bu A A,s B,s _
H,oH, oH,  oH, =~ =Id
This completes the proof of Proposition 4.6. 0
Proof of Proposition 4.7. We define a conjugacy C*® on the stable manifold of p,
(4.14) C*(z) = HW o Cpo Hyw o for x € W*(p).
Clearly, C'(p) = C,. Also,
Al = H, oAl o HiYS = H'", 0 C,oBloC, o HY =

p, [ p, [
= H;l’;% oCpo H?,{‘; © Bl o Hi’j o C’;l o Hﬁv; = C*(f"r)oB" o Cs(x)*l.

Similarly, we define a conjugacy C* along the unstable manifold of p,

C"(z) = H o Cyo Hywt for © € W(p).
Let X = W"(p) N W#(p) be the set of homoclinic points of p. By the assumption (b),
(4.15) C%(x) = C*(x) & C(z) for everyzx € X.

The set of homoclinic points of p is known to be dense in M [Bo|. To extend the
function C' from X to M, we show that C is Holder continuous on X. Let x and y be
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two sufficiently close points in X. We note that the distances between x and y along
W#(p) and W*(p) can be large. To make an estimate we consider the point

2= Wige(z) N Wi (y),
which is also in X. By the definition of C' = C* and properties of holonomies,
C(z)=H,?oCy)oH, =(Id+R),)oCy) o (Id+ R} ),
where [|R_ ||, ||Ry.|| < cdist(y, ). Hence
C(2) 0 Cly)™ = (I + R2M) 0 Cly) o (Id + B22) 0 Cly) ™! =
= Id+Rys + Cy) o RyZ o Cly) ™' + RyZ o Cly) o Ry o Cly) ™"
Similarly, using unstable holonomies, we obtain
C(z)oC(2) ™ =
= Id+ R+ C(2) o Ry o C2) "+ Rt o C(z) o Ryt o C(2)
Now we show that ||C| and ||C~!| are bounded on X. We fix a small number e

and choose a finite subset Y of X such that for each x € X there is y € Y such that
dist(x,y) < €. Since Y is finite, there is a constant M such that

IC(y)|| < M and ||C’(y)_1|| <M forallyey.

Let x € X, let y € Y be such that dist(z,y) < ¢, and let z = W (z) N WE.(y).
Then multiplying both sides of (4.16) by C(y) and estimating the norm we see that
IC(2)] < (2 +2M°)M,

assuming that e is sufficiently small so that cdist(z, 2)? < 1. Now boundedness of
|C(x)]| follows similarly from (4.17). One can obtain expressions for C'(z)™! o C(y)
and C(z)™! o C(z) similar to (4.16) and (4.17) and conclude that ||C'(z)™!]| is also
bounded on X.

Now it follows from (4.16) and (4.17) that for any sufficiently close z,y in X

C(x)oCy) ' =C(x)oC(2) o C(2) o Cy) ' =1d + R,,,
where ||R,,|| < ddist(x,y)”,

(4.16)

(4.17)

and hence
d(C(x),C(y)) = [|Cz) = Cy)|| + |[C(x)™ = Cy) 7| <

(4.18) < C@)Cy)~" = 1d|| - ICY)| + IC ()| - Td = C(2)C(y) 7' <
< 2¢ M’ dist(z, y)°.

Thus we can extend the function C' on X to a -Hélder continuous function on M,
and
A" =C(f"z)o B o C(z)™* forallz € M and n € Z.
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The conjugacy C' takes values in the closed subgroup G by the construction: the
holonomies take values in GGy by Proposition 4.4, hence so does the restriction of C' to
X by (4.14) and (4.15), and thus so does C. Uniqueness of the conjugacy follows from
Proposition 4.5(c). O

4.5. Centralizers of cocycles and connections to conjugacies.
The centralizer of a cocycle of A is the set

Z(A)={D: M — GL(d,R) | A, = D(fz)oA,0D(z)"" forall ze M}.

We consider the centralizer in the S-Holder category.
It is easy to see that Z(A) is a group with respect to pointwise multiplication and
that Z(A) is a subgroup of Z(A*) for all k > 1.

Proposition 4.8. For any fiber bunched cocycle A there exists M > 1 such that
Z(AMTY = Z(AM) for all T > 1.

Proof. We note that for every k& > 1 the cocycle A* are also fiber bunched.

Let p be a periodic point of f of period N. Then it is a fixed point for fV, and
we consider the iterate A = AN over fV. An element D of the centralizer of A* is a
conjugacy between A* and itself. Hence by Proposition 4.5, D is uniquely determined
by its value at p. By Proposition 4.7, a matrix D, = D(p) extends to a Holder
conjugacy D on M if and only if

fl’; = Dpofl’;oD;l and
Hﬁ;’s o Hﬁ;’“ =D,o Hﬁ;vs o Hﬁg“ o D' for every x € W*(p) N W"(p).
The second condition is the same for all k& > 1 since the holonomies of A coincide with

the holonomies of A* by the uniqueness.

The first condition is equivalent to the system of linear equations fl'; oD,=D, of[’;
in d? variables, and hence the set of its solutions can be identified with a subspace V},
of R, Intersecting this set with GL(d,R) gives the centralizer of the matrix fl’;. The
dimensions of the subspaces V}, are bounded by d?. Let L > 1 be the smallest number
such that dim V;, = maxy dim Vj. Clearly V;, C Vi, and hence V}, = V. Therefore,

Z(AMY = Z(AY) e Z(ANET) = Z(ANY) forall T > 1.
0

The following proposition is easy to verify.

Proposition 4.9. Let C(A,B) be the set of conjugacies between A and B, and let
C, € C(A,B). Then Cy € C(A,B) if and only if C1Cy* € Z(A). Thus the conjugacy
between A and B is unique up to an element of the centralizer and C(A,B) = Z(A)C,.
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4.6. Proof of Theorem 2.2. To obtain a fixed point, we pass to an iterate of f. Let
p1 be a periodic point of f of period N. We consider the diffeomorphism fV and the
cocycles AN and BY over fV. Clearly these cocycles are S-Holder continuous and fiber
bunched. Thus we apply Theorem 2.4 with C'(p) = Id and conclude that there exists
a B-Holder continuos conjugacy C) between A" and BY. It remains show that there
exists a conjugacy beween the original cocycles A and B over f.

By Proposition 4.8 there exists M such that Z(ANM7T) = Z(ANM) for every T > 1.
We note that C) is also a conjugacy for AYM and BNM,

It is known that any transitive Anosov diffeomorphism has periodic points of all
sufficiently large periods. We pick a periodic point p, of a period K > 1 relatively
prime with MN. As above, we obtain a conjugacy C, for the cocycles AX and BX
over fX. Thus both C; and C, are Holder conjugacies for the cocycles AVME and
BVNME oyer fNMEand hence by Proposition 4.9, C1C; ' € Z(ANME) = Z(ANM),
Since (] is a conjugacy for AMM and BYM () is also a conjugacy for these cocycles.

Thus C, is a conjugacy for the cocycles over f¥™ and f¥, where MN and K are
relatively prime. Hence there exist integers r and s such that NMr + Ks =1, and it
is easy to see that (5 is also a conjugacy for the cocycles A and B over f.

This completes the proof of the theorem. O

4.7. Proof of Theorem 2.7. Since the cocycle B is uniformly quasiconformal (see
Definition 2.6), it satisfies the fiber bunching condition (2.2) with

L=sup (B3] - [(B})7']) and 6 =max v(z).

Let C' be a p-measurable conjugacy between A and B. First we show that C' inter-
twines holonomies of A and B on a set of full measure, i.e. there exists a set ¥ C M,
u(Y) =1, such that

(4.19) Hﬁ’; =C(y)o Hfi;j oC(x)™" forallz,y €Y such that y € W*(z),

and a similar statement holds for the unstable holonomies.
Let x € M and y € W#(x). As in the proof of Proposition 4.5(a), we obtain that

(4.20) (A)) "o Ay =C(y)o(By) " oBroClz) ' +C(y)o(By) " ornoBroCla)™,

where
lrall < ICC ) M- IC (") = CUF )l
Since C'is pu-measurable, by Lusin’s theorem there exists a compact set S C M with
u(S) > 1/2 such that C' is uniformly continuous on S and hence |C|| and ||C~!]| are
bounded on S. Let Y be the set of points in M for which the frequency of visiting S

equals p(S) > 1/2. By Birkhoff Ergodic Theorem p(Y') = 1. If x and y are in Y, there
exists a sequence {n;} such that f™x and f™y are in Y for all 7. Tt follows that

|rn, |l = 0 asi— oo
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and ||C|, ||C~!|] are uniformly bounded on {z,,, y,,}. The product
1B M- 1B2 < 1H R gyl 1(BE) M- 1HZ - B2

Y

is uniformly bounded since the cocycle B is uniformly quasiconformal.

Thus for every z and y in Y such that y € W?*(z), the second term in (4.20) tends to
0 along a subsequence, and (4.19) follows. The statement for the unstable holonomies
is proven similarly.

Let z,y € Y and y € W _(z). Then by (4.19)

Cly) = Hy o Cla) o Hy.
It follows as in the proof of Proposition 4.7, (4.16), that
Cly)oClx)™ = Id+ Ryy + Clz) o R)Z o C(w) ™ + RyZ o Cla) o Ry o Cla) ™,
where
1RSI B2, || < edist(z, 2)°.
Since C'is bounded on Y, this implies that
1C(y) o C(z)™F = Id|| < ¢ dist(z, y)?,
and it follows as in (4.18) that
(4.21) d(C(2),C(y)) < cpdist(z,y)?,
where ¢y does not depend on x and y. The same holds for any z,y € Y such that
y € M/l%c(x)
We consider a small open set U in M with a product structure, i.e.

U = Wi(wo) x Wie(wo) & {Wiie(2) N Wiko(y) | & € Wig(wo), y € Wik(wo)}.
Since the measure p has local product structure, p is equivalent to the product of
conditional measures on W _(zo) and W} (o), and hence for p almost all local stable
leaves in U, the set of points of Y on the leaf has full conditional measure. Since p has
full support, the conditional measures on almost all leaves have full support.

Hence for any two points z and z in Y N U that lie on two such stable leaves, there
exists a point y € W (x) NY such that W (y) N W (2) is also in Y N U. It follows
from (4.21) and the local product structure of the stable and unstable manifolds that

d(C(z),C(2)) < egdist(x, 2)°.
This estimate holds for all z, 2 in a set of full measure YCvY.
Let Y = (02 f"(Y). Then Y is f-invariant and A(z) = C(fz) o B(x) o C(x)~!
for all z € Y. Since p has full support and p(Y) = 1, the set Y is dense in M. Hence

we can extend C' from Y and obtain a Hélder continuous conjugacy C' on M that
coincides with C on a set of full measure.
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5. AN APPLICATION: SMOOTH CONJUGACY TO A SMALL PERTURBATION FOR
ANOSOV AUTOMORPHISMS

Let g be an Anosov diffeomorphism of M. If f is a diffeomorphism of M sufficiently
C! close to g, then f is also Anosov and it is topologically conjugate to g, i.e. there
exists a homeomorphism A of M such that

g=h"ltofoh.
Moreover, the conjugacy is unique when chosen near identity. (See, e.g. [KtH, Corollary
18.2.2]). The conjugacy h is only Hélder continuous in general, and it is important
to find out when the diffeomorphisms f and g are smoothly conjugate. If h is a C*
diffeomorphism, then the derivatives of the return maps of f and g at the corresponding
periodic points are conjugate. Indeed, differentiating ¢" = h™' o f* o h at periodic
points p = f"(p) yields
D,g" = (Dyh) o Dy f" o Dyh whenever p = f"(p).

A diffeomorphism ¢ is said to be locally rigid if for any C'-small perturbation f
the conjugacy of the derivatives at the periodic points is sufficient for h to be C*.
The problem of local rigidity has been extensively studied and Anosov diffeomor-
phisms with one-dimensional stable and unstable distributions were shown to be locally
rigid [dIL87, dILM88, dIL.92]. In general, this is not the case for systems with higher-
dimensional distributions [d1L92, dIL02]. Positive results were established for certain
classes of diffeomorphisms that are conformal on the full stable and unstable distribu-
tions, [dIL02, KS03, dIL04, KS09]. In a different direction, local rigidity was proved
in [GO8] for an irreducible Anosov toral automorphism L : T¢ — T¢ with real eigen-
values of distinct moduli, as well as for some nonlinear systems with similar structure.
Recently, this result was extended to a broad class of Anosov automorphisms.

Theorem 5.1. [GKS11] Let L : T¢ — T¢ be an irreducible Anosov automorphism such
that no three of its eigenvalues have the same modulus. Let f be a C'-small perturbation
of L such that the derivative D,f" is conjugate to L" whenever f*(p) = p. Then f is
C1+HHdler conjugate to L.

We recall that an automorphism L is called to be irreducible if it has no rational
invariant subspaces, or equivalently if its characteristic polynomial is irreducible over Q.
Examples in [GO08| show that irreducibility of L is a necessary assumption for local
rigidity except when L is conformal on the stable and unstable distributions.

Theorem 2.4 allows us to obtain an alternative sufficient condition for smoothness
of the conjugacy to a small perturbation. Instead of the assumption on the eigenvalues
of L we make an assumption that the conjugacy of the periodic data of the cocycles
L = DL and Df is Holder continuous at a single periodic point.
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Theorem 5.2. Let L : T — T? be an irreducible Anosov automorphism and let f be
a Cl-small perturbation of L. Suppose that for each periodic point p = f™(p) there is
C(p) such that D,f™ = C(p)o L"oC(p)~* and C(p) is Holder continuous at a periodic
point po. Then f is CY1HHUer conjugate to L.

The proof of this theorem differs from the proof of Theorem 5.1 only in the way we
obtain conformality of D f on certain invariant sub-bundles, as explained below.

We denote by E“% the unstable distribution of L. Let 1 < p; < py < --- < p; be
the distinct moduli of the unstable eigenvalues of L, and let

E“'=El@E;&---0Ef

be the corresponding splitting of the unstable distribution. Since f is C* close to L, f
is also Anosov, and its unstable distribution E™7 splits into a direct sum of [ invariant
Holder continuous distributions close to the corresponding distributions for L:

E“'=FleEle - oEf

(see, e.g. [Pe04, Section 3.3]).

Let A = L|EF and B = Df|E/. Conformality of the cocycles plays an important role
in establishing smoothness of the conjugacy. Since L is irreducible, all its eigenvalues
are simple. Thus the restriction of L to EF is diagonalizable over C and its eigenvalues
are of the same modulus. Hence the cocycle A = L|EF is conformal in some norm.

In [GKS11], conformality of B at the periodic points together with the assumption
that the distributions EF and E! are either one- or two-dimensional allows us to con-
clude that, by [KS10, Theorem 1.3], the cocycle B is conformal. In higher dimensions,
conformality at the periodic points does not imply conformality [KS10, Proposition
1.2]. In Theorem 5.2 we make no assumptions on the dimensions of E, and so we use
a different approach to obtain conformality of B.

Let 5 > 0 be so that C(p) is S-Holder at py and all cocycles Df|EZf are [-Holder.
Since the cocycle A = L|EF is conformal, it is fiber bunched and it follows that the
cocycle B = Df|E! is also fiber bunched. We consider the iterates AN and BY over fV,
where N is the period of py. Theorem 2.4 implies that there exists a Holder continuos
conjugacy C between AY and BY. Since AV is conformal, this implies that BY is
uniformly quasiconformal, and hence so is B. By [KS13, Corollary 3.2], B is conformal
with respect to a continuous Riemannian metric on Elf .

After conformality of D f on each sub-bundle Ezf is obtained, the proof of Theorem
5.2 proceeds exactly as the proof of Theorem 5.1. We consider the topological conjugacy
h between L and f close to the identity. We use conformality to show that h is
ClHHslder along the leaves of the linear foliation tangent to EX, and then we establish
the smoothness of h on M. OJ

Corollary 2.5, which we prove next, shows that the cocycles L and Df are Holder
cohomologous without irreducibility assumption on L. This is not known to imply
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smoothness of h. The arguments in Theorems 5.1 and 5.2 use both density of the
subspaces EF in T? and conformality of L|EF, which follow from irreducibility.

Proof of Corollary 2.5. The proof is closely related to the above argument.

Let A(x) = A be the generator of A. Let p; < --- < p; be the distinct moduli of the
eigenvalues of A and let R? = E{* @ --- ® E* be the corresponding invariant splitting
into direct sums of the generalized eigenspaces. We denote A; = A|E. Tt follows that
for any € > 0 there exists C, such that
Cpi — )" < ||AMu|| < C.(p; + €)™ for any unit vector u € E#,

€

and hence the cocycle A; generated by A; is fiber bunched for any 5 > 0. Moreover, any
cocycle B with generator B sufficiently C? close to A has the corresponding invariant
splitting R? = EP(z) @ --- & EP(x), which is close to that of A and is S-Holder for
some [ > 0. The corresponding restrictions B; satisfy similar estimates and hence are
also fiber bunched. Since the conjugacy C(p) maps E#(p) to EP(p), the cocycles A;
and B; have conjugate periodic data. Hence by Theorem 2.4 they are conjugate via
a Holder continuous function C; and we obtain a conjugacy between A and B as the
direct sum of Cj. O
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