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ABSTRACT. We consider pointwise, box, and Hausdorff dimensions of invariant
measures for circle diffeomorphisms. We discuss the cases of rational, Diophan-
tine, and Liouville rotation numbers. Our main result is that for any Liouville
number 7 there exists a C'*° circle diffeomorphism with rotation number 7 such
that the pointwise and box dimensions of its unique invariant measure do not ex-
ist. Moreover, the lower pointwise and lower box dimensions can equal any value
0<p<L

1. INTRODUCTION

The study of dimensional characteristics of invariant sets and measures was origi-
nated by physicists and applied mathematicians in the context of strange attractors.
Beginning with the work of Eckmann and Ruelle [3] it developed into a rigorous
mathematical theory. Dimension theory now plays an important role in dynamics
[10]. Dimensional properties of invariant sets and measures are often related to other
characteristics of the dynamical system, such as Lyapunov exponents and entropy.

In this paper we study pointwise, box, and Hausdorff dimensions of invariant
measures for circle diffeomorphisms. The notion of pointwise (or local) dimension
was introduced by Young in [11]. It plays an important role in dimension theory of
dynamical systems. For a Borel measure p on a metric space X, its lower and upper
pointwise dimensions at a point x are defined as

d,(z) = lim inf log n(B(x, 1)) and  d,(z) = limsup log (B, 1))
r—0 log r r—0 log r
where B(z,r) is a ball of radius r centered at z. If the two limits coincide, then
their common value d,(z) is called the pointwise dimension of p at . The pointwise
dimension describes the local distribution of the measure and of a typical orbit. It
serves as an important tool for estimating the Hausdorff and box dimensions of
measures and sets, see Section 2.2. For example, if the pointwise dimension of an
ergodic measure g exists almost everywhere, then all dimensional characteristics of
1 coincide and give a fundamental characteristic of u called the fractal dimension.
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In [2] Barreira, Pesin, and Schmeling showed that pointwise dimension exits for
any hyperbolic invariant measure of a C'™® diffecomorphism. Dimensional struc-
tures of non-hyperbolic measures can be more complicated. In [9] Ledrappier and
Misiurewicz constructed an example of a C" map of an interval preserving an er-
godic measure whose pointwise dimension does not exist almost everywhere. A
natural class of non-hyperbolic measures is given by invariant measures for circle
diffeomorphisms with irrational rotation numbers. In [8] we constructed examples
of such diffeomorphisms for which pointwise dimension of the measures does not
exist almost everywhere.

Dimensional properties of an invariant measure of a circle diffeomorphism f de-
pend significantly on the rotation number of f (see Section 2.1). First we consider
the simpler cases of rational and Diophantine numbers, and then describe our main
result for Liouville numbers. The rotation number of f is rational if and only if
f has periodic points. Such a diffeomorphism may preserve a variety of measures
with different properties, however, any ergodic invariant measure for f is a uniform
d-measure on a periodic orbit. This immediately implies the following result.

Proposition 1.1. Let f be a circle homeomorphism with a rational rotation number
and let p be an ergodic invariant measure for f. Then

(1) d,(z) =0 for u-almost every x in S,

(2) dimpy p = dimp p = dimp pu = 0.

In contrast, diffeomorphisms with an irrational rotation number are uniquely er-
godic. In this case, the properties of the invariant measure depend on how well the
irrational rotation number can be approximated by rational numbers. The numbers
that cannot be rapidly approximated by rationals are called Diophantine.

Definition 1.2. A number 7 is called Diophantine if there exist 6 > 0 and K > 0
such that

(1.1) T —p/q| > K/|q**° for any integers p and q.

Circle diffeomorphisms with Diophantine rotation numbers are smoothly conju-
gate to rotations. Therefore the invariant measure for such a diffeomorphism is
equivalent to the Lebesgue measure and hence has the same dimensional properties.

Proposition 1.3. Let f be a C° circle diffeomorphism with a Diophantine rotation
number. Then for its unique invariant measure (i,

(1) d,(z) =1 for every x in S*,
(2) dimpy p = dimpp = dimpp = 1.
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The most interesting case is that of Liouville rotation numbers. These are irra-
tional numbers that can be rapidly approximated by rationals, more precisely:

Definition 1.4. An irrational number 7 is called a Liouville number if for any
n > 1 there exist integers p and q, q > 1, such that

(1.2) |7 —p/ql <1/q".

Clearly, an irrational number is Liouville if and only if it is not Diophantine. The
set of all Liouville numbers is a dense G set in R, and it has zero Lebesgue measure.
Our main result, Theorem 1.5, shows that in the case of a Liouville rotation number
different types of dimensional properties of the invariant measure are realized. In
particular, pointwise and box dimensions may not exist, which is in contrast to the
Diophantine case as well as to the case of hyperbolic measures.

Theorem 1.5. Let 7 be a Liouville number and let 0 < 3 < 1. There exists a C'*
circle diffeomorphism f with rotation number T such that for its unique invariant
measure i,

(1) d,(x) = B and d,(x) =1 for p-almost every x in S*,
(2) dimpy p = dimpp = B and dimgp = 1.

It is an interesting open question whether there exists a circle diffeomorphism with
irrational rotation number whose invariant measure has upper pointwise dimension
less than 1 on a set of positive measure.

Our constructions are based on a method developed by Anosov and Katok in [1]
to produce examples of diffeomorphisms with specific ergodic properties. In [8] we
used this method to construct examples of diffeomorphisms satisfying (1) and (2)
of Theorem 1.5. However, the qualitative nature of the arguments did not allow us
to construct examples for a given rotation number, or even describe explicitly the
rotation numbers in our examples. In this paper we use some ideas developed in
[4, 5] to make an explicit construction with specific quantitative estimates. This
allows us to produce the examples for all Liouville rotation numbers.

We note that any C? circle diffeomorphism f with irrational rotation number
is topologically conjugate to the corresponding rotation. The conjugacy gives the
distribution function of the invariant measure p. In the theorem above, p is sin-
gular for § < 1, and so is the conjugacy. Thus the theorem implies that for any
Liouville rotation number there exists a diffeomorphisms with singular conjugacy.
Similar methods may be used to construct diffeomorphisms with a specific degree
of regularity of the conjugacy for any Liouville rotation number.
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2. PRELIMINARIES

2.1. Rotation number of a circle homeomorphism. (See [7] for more details.)
Let f be an orientation-preserving homeomorphism of S!, let 7 : R — S' = R/Z be
the natural projection, and let F' be a homeomorphism of R such that for = moF.
Then the following limit exists and has the same value for all x:

7(F) = lim ,(F"( ) —x).

[n|—o0 M

The number 7(f) = w(7(F)) is called the rotation number of f. If h : St — St is
a homeomorphism, then 7(h™' o f o h) = 7(f). In particular, if f is topologically
conjugate to a rotation by 7 then f has rotation number 7.

2.2. Hausdorff and box dimensions of sets and measures. (See [10] for more
details.) The upper and lower box dimensions of a set Z C RF are defined as

— . log N(Z,¢) . .. logN(Z,¢)
7 —1 —o T\ 7 —1 oo\ =)
dimp H? Sélp log(1/2) and dimpg im inf — (/2

where N(Z,¢) is the least number of balls of diameter € needed to cover Z.
For a number o > 0, the a-Hausdorff measure of 7 is

my(Z, o) = ill% 1r91f ZUeg(dlam U)“,
where the infimum is taken over all finite or countable coverings G of Z by open sets
with diameter at most €. The Hausdorff dimension of Z is
dimg Z = inf{a: my(Z,a) =0} =sup{a: my(Z,a) = co}.

The Hausdorff and upper and lower box dimensions of a Borel probability measure

1 are defined as follows:
dimpy p = inf {dimy Z : p(2) =1},

(2.1) dlmBu—hmmf{dlmBZ w(Z)>1—¢e},

dlmguzhn(l) inf {dimpZ : u(Z)>1—¢}.

It is known that dimy p < dimpp < dimp L

The following result by L.-S. Young [11] shows how the pointwise dimension of a
measure can be used to estimate its box and Hausdorfl dimensions.

Theorem 2.1. Let i be a Borel finite measure on R™. Then
(1) If d,(v) > d for p-almost every x then dimpy p > d;
(2) If d,(x) < d for p-almost every x then dimpp < d;
(3) If d,(v) = du(x) =d for p-almost every x, then
dimy p =dimgp = dimp p = d.
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3. PROOFS

Throughout this paper we identify the unit circle S* = R/Z with the interval
[0,1]. Let 7 be an irrational number and let R, be the rotation by 7. The Lebesgue
measure is the only measure preserved by R,. Suppose that

f=h"'oR oh

where h is a homeomorphism. Then the unique invariant measure p for f is the
push-forward of the Lebesgue measure A by h™1, ie. pu(A) = A(hA). This means
that h is the distribution function for p, i.e.

pllar, 22)) = h(zz) = h(z1)

for any interval [x1,z5) C S', and hence

(3.1) w(B(z,r)) = Ah(z,r) & hiz+r) — hiz —r).

In particular, if h is continuously differentiable, then for any = and r < 1/2,
2r - min ]|h'| < w(B(z,r)) < 2r- max |B].

[x—r,z+r —r,z+7]
3.1. Proof of Proposition 1.3. The following result was established by M.-R.
Herman in [6]: any C*™¢ circle diffeomorphism whose rotation number 7 satisfies
the Diophantine condition (1.1) with some K > 0 and 0 < § < ¢ is conjugate to the
rotation R, via a C! diffeomorphism. It follows that any C°° diffeomorphism with a
Diophantine rotation number is smoothly conjugate to the corresponding rotation.
This implies that there exist constants m and M such that 2mr < u(B(x,r)) < 2Mr
for all  and all » < 1/2. Therefore, d,(x) = 1 for every x € S', and hence
dimH,u:di_mBu:di_mB,u: 1 by Theorem 2.1. O

3.2. Proof of Theorem 1.5. Let 7 be a Liouville number. First we note that to
obtain the result for the case of 3 = 1 it suffices to take f = R,. The rotation
R, preserves the Lebesgue measure, which satisfies (1) and (2). From now on we
assume that 0 < g < 1.

We obtain the diffeomorphism f as a limit of a sequence of diffeomorphisms
fn = h;l o RTn o hn7

where h,, are C*° diffeomorphisms of S! and 7,, are rational numbers that converges
to 7. The sequences {h,} and {7,} are defined inductively. Once h,, is selected, we
construct h,,q in the form

hpi1=A,0h,, where A,=1d+ a,

is a diffeomorphism and a,, is a C*° periodic function.

The diffeomorphisms f,, will converge in the C*° topology, and h,, as well as h, !
will converge in C°. The homeomorphism h = lim,,_, h, will give the distribution
function of the invariant measure p for f.
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We use the following norm of diffeomorphisms and the corresponding distance.
Definition 3.1. Let g be a C™ diffeomorphism of [0,1]. We define a norm of g
lgll;, = max | (z)],
where the maximum is taken over all x and 0 <1 < n, and we denote

lglln = max {Ilgll%, llg~"I% }-

For two C™ diffeomorphisms g, and g2, we set
dn(91,92) = max { |1 — gally, llgr* — 9515 }-

In the three lemmas below we use Faa di Bruno’s formula, which generalizes the
chain rule to higher derivatives:

a
dx™

Flo@) =" g L4 (g (@) [T (09 (@)™

j=1

(3.2)

where the constants ¢, . m, depend only on my,...,my, and the sum is taken over
all n-tuples (my,...,m,) of integers satisfying

(3.3) Imy+2mg+---4+nm,=n and m; >0, 1=1,...,n.
The following lemma gives an estimate for the distance between two maps conju-

gate to two rotations via the same diffeomorphism.

Lemma 3.2. Let R, and R,, be two circle rotations, and let h be a C™ circle
diffeomorphism. Then

(3.4) dy(h™' o R, oh, K o R, 0h) < cu|m — 7| - ||AII111,
where the constant c,, depends only on n.

Proof. We estimate max |(Zc—kk (hl*oR, oh)— Cz‘i—kk (h'o R, oh)| for 0 <k <n. For
k = 0 we have

max |h~H(h(x) +71) — h N (h(2) + )| < max|(R7Y] - |1 — | < ||A] | — Tl
For 1 < k <n formula (3.2) yields
W0 Ry o () = o (b () +
dxk 4 = dxk vwTT
h(z) + 1)

)
= 3 oy (R T (h9 )™ .

J=1
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We estimate the difference between the corresponding terms in dd = (hlo R, oh)(x)

andd—kh oR,, oh)(x). By (3.3), my+---4+my <k, and we have
dzx 2

k

H (h(j)(x))mj ((h*l)(ml‘f’"'erk)(h(x) +7)— (h*l)(mlJr"'erk)(h(x) + 7-2))

J=1

k

H (h(j)(x))mf

j=1
< IR - NAlless - 1m =7l < RIS - 17— 7).

< max . max |(h—1)(m1+...+mk+1)| . ’7_1 . 7_2|

It follows that for any 0 < k < n,

v d*
dmk (h 1 O_Z%T1 Oh)(flf) — %(

max h™'o R, oh)(z)| < colmi — 7| |RlI0EL,

where ¢, is the sum of the coefficients ¢,,, ., in (3.2). Since (h™'o R, o h) =
h™'o R_.oh, we have the same estimate for the inverses of the functions, and (3.4)
follows. 0J

When constructing the diffeomorphism h,.; = A, o h,, we choose the function
A, in a specific form, as in the following lemma.

Lemma 3.3. Let s and § be positive numbers such that 1/s is an integer and 6 < s/2.
Then there ezists a C* diffeomorphism A = Ass of [0, 1] such that

(1) A= Id+ a, where a = ass is a non- negatwe C® function of period s,
(2) A(0) =0, A((S)—S—(S and A(s) =
(3) 0/(2s) < A'(x) <28/ for all x,
(4)

4) for each n > 0 there exists a constant p, that does not depend on § and s
such that ||All, < pn/0" .

Conditions (1), (2), and (3) guarantee that A is a diffeomorphism.

Proof. First we construct the function a on the interval [0, 6]. Let g be a C* function
on [0, 1] such that g(x) = 0 in a neighborhood [0, €) of 0, ¢g(z) = 1 in a neighborhood
(1 —¢,1) of 1, and 0 < ¢'(x) < 2 for all z. We obtain the function a on [0, 4] by
rescaling g:

a(x) = (s —25) g(x/0) for xz €0,0].

Then a(z) = 0 in a neighborhood of 0, a(x) = s — 2§ in a neighborhood of ¢, and
0<d(r) <2(s—20)/6 =2s/0—4. This implies that A(z) = z in a neighborhood of
0, A(6) =s—0, A'(x) = 1in a neighborhood of 4, and 1 < A'(z) <2s/6—3 < 2s/¢
for all z in [0, ¢].
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Now we obtain the graph of the function A on [4, s] by reflecting its graph on [0, ¢]
with respect to the line y = s — x, i.e.

(3.5) Alx)=s—AYs—x) forxzin[s—J, s3]

It follows from the symmetry of the graph that A(x) = z in a neighborhood of s
and 1 > A'(z) > 0/2s for all z in [s— 9, s]. On this interval, we set a(z) = A(x) — .
Clearly, a(x) > 0 for all x and a(z) = 0 in a neighborhood of s. Then we extend a

to [0, 1] by periodicity, and obtain A = Id + a on [0, 1]. Thus we have constructed a
function A satisfying (1), (2), and (3).

Now we verify (4) for A on [0,6]. Then (3.5) implies that (4) is also satisfied for

Aon [4,s]. Since maxp s [a™] < maxp|g™] /6", we have

(3.6) max [A"] < ﬁm¥wwr+n/y‘¥fmJW for any n > 0
0, 0,1

Let G be the inverse function for Al ;. We show using induction that for any
n > 0 there exists a constant &, independent of 0 and s such that

max |G < 6,/0" and & 2 &z 2 G

1
k = 0 and k 1. Suppose that it holds for all 0 < &k < n — 1. For n > 2,

Clearly, G(z) < 1 and G'(z) < 1 < 1/6 for all . Thus the statement holds for
L G(A(z)) = L2 =0, and it follows from (3.2) that

GI(A)) - (A @) = =3 ey, ng G (A) [ (A
7j=1

where the sum is taken over all n-tuples (my,...m,) such that lm;+---+nm, =n
and my # n. This implies that m; 4+ --- +m, < n — 1, and hence

Gt (A@@)] < Euea f50

by the induction assumption. Also,

T (i)™ = (T | jaimsamasesome < (T ) o7,

j=1 j=1

n

H (A(J)

Using the estimates above, we obtain

GO(A()) - (A (@) < & /60 < g, /6",
where &, > &,-1 is a constant independent of s and 0. Since A'(z) > 1 on [0, 4], it
follows that ,
|G (A(x))| < &,/6™  for all z € [0, 4].
Let p, = max{Kq,...,kn, &}, where Ko, ...k, are as in (3.6). Then
AL < pu/6™ < paf8™, |ATY]: = (IG5 < pa/6™, and thus |A]l, < pn /6™
O
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Lemma 3.4. Let A = A, 5 be a function as in Lemma 3.53. Then for anyn > 0 and
any C™ diffeomorphism h

(3.7) |Aoh|, < éh,n)/s™,
where the constant ¢(h,n) depends on h and n, but not on 6 and s.

Proof. Let 0 < k < n. Each term of the sum representing (A o h)(k) is a product
of a derivative of A of order at most k and at most k derivatives of h, see (3.2).
Therefore, each term can be estimated by ||Allx - |2]|F < || Al - 2|7, and hence

[A Rl < callAlln - [[Rll; < callblly - pn/0™

where ¢, is the sum of the constants ¢, _m, in (3.2) and p,, is as in Lemma 3.3 (4).
Each term of (h™' o A=")*) can be estimated as follows:

(e (A @) TT (AP @)™ 1< bl (o1 /87)™ (6™

j=1
2m 2ot k2 2 n2
<Nl pr- .. pe/d et AR py e /08 < Bl py- - pn/S

since 1'my + 2%mg + - -+ + k?my < k(1mq + 2meg + - - - + kmy) = k2. Tt follows that
— — * n2
1R 0 AN < callPlln - pre. o pa/O

Thus |[Ao b, < &(h,n)/6™. O

For the rest of the proof we consider the cases of 3 = 0 and of 0 < < 1
separately.

The case of § = 0.

We construct the sequences {7,}22, and {h,}>2, inductively. Let h; be the
identity map, 71 be a rational number close to 7, and s; = 1/2. Suppose that a
number 7, 1 = p,_1/¢n_1, a function a,,_; of period s,,_1, and hence diffeomorphisms
A,1=1d+a,_; and h, = A,_1 o h,,_; are selected. We denote

M, = n d ,=minh =1 oty
r[%%( ., and m %1711? » = 1/maxjy(h, ")
Clearly, M,, > 1 and 0 <m,, <1 foralln > 1, and M,, — oo, m, — 0 as n — oo.

We choose a rational number 7,, = p,/q,, numbers s, and d,, a function a, of a
period s, and a function A,, such that
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0) [7=7l < |7 =70,

(i) |7 =7l =7 =pn/aa] < 1/g)"

(iii) ¢, > max{1/s,—1, 1/m,, (3M,)", ¢, ¢(hn,n+1)},
(3.8) where ¢, is as in (3.4) and ¢é(h,,n+1) is as in (3.7),

iv) s, = 8,_1/qn, hence s, < s> , and s, <1/2",

(

(v) 5n = sy, in particular, 6, < s,,/2,

(vi) a, and A are as in Lemma 3.3 with 0 = J,, and s = s,,.
(

Conditions (i), (ii), and (iii) can be satisfied since 7 is a Liouville number. Condition
(iv) ensures that the maps A, and R, commute, and hence
hiloR, oh, = h'oA oA, 0R, oh,
=htoA'oR, oA,0h, = (Ayohy,) toR, o(A,oh,)
Conditions (iii), (iv), and (v) imply that 1/6, = 1/s" = ¢"/s"_, < ¢*". Using this
as well as (3.4) and (3.7) we obtain
Qfust, fu) = du (s 0 Rey 0 ot B0 Ry, o hy)
=d, ((An ohy) 'oR, o(A,0oh,), (Ayoh,) 'oR, o(A,o0 hn))
B9 < ol 7l 4w o halli < 2ealr — 7l - (£(hm+ 1))

n4 nn n+1 nn 3’!’1 n
< Qqn(l/qi )( q721(+1)> < (1/q ) 2n(nt1)*+nt2 1/2

for all sufficiently large n. Since dp,(fui1, fn) < dn(frs1, fn) < 1/2" for n > m,
it follows that the sequence {f,} converges in the C™-topology for any m, i.e. it
converges in the C'*™ topology.

Now we establish the convergence of the diffeomorphisms h,. We recall that
A, = 1d + a, is a diffeomorphism, where a,, is a C* function of period s, and 1/s,
is an integer. It follows that max |4, — Id| < s, and maxj |4, —Id| < s,.
Since h,.1 = A, o h,, we estimate

max|hn+1 h,| = max| (A, —Id)oh,| < s,, and
[0,1] [0,1]

r{éalf\hnﬂ 2= n[%a}?lh o (A, —1d)| < r[%e}f(hn )"+ sp = (1/my) sy < spa
by (3.8) (iii) and (iv). This implies that do(hn41,hn) < Sp—1, and since s, < 1/2™,
it follows that the sequence of diffecomorphisms {h, } converges to a homeomorphism
h with respect to the distance dy. Moreover, since s,, < s?_; we have

. —hal <3 s < 26,
(3.10) r[r(l)fﬁdh hn| < Zk:nsk < 2s,
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Now we prove the dimensional properties of the invariant measure p with distri-
bution function h. By the construction, most of the growth of A, on the interval
0, 1] is concentrated on the union of intervals [is,, is, + 0,]. Let

~ 1/s5,)—1 ~
(3.11) E, = U( o) (S, i85, +6,] and  E, = h, ' (E,).

i=0
Then hpi1(E,) = (An o hy) (b (Ey)) = An(E,).
Since E,, consists of 1/sp intervals (98, 18,40, and A(is,+0,)—A(isy) = Sp—0n,
the total growth of A, on F, is
(50— 0p)(1/8p) =1 —=6p/8n =1 —8"/5, >1—8""1>1—5,,
and the total growth of h, 1 on E, is the same. By (3.10), Ah > Ah,, — 48,1 on

each of the 1/s, intervals in F,. Since s,,1 < s2 and s, < 1/2" by (3.8) (iv), we
estimate that the total growth of A on the set F,, is at least

1— 8, —4s,11(1/8,) > 1—s8, —4s2/s, = 1—5s, > 1—5/2"
Thus, for the measure p with distribution function h,
(3.12) w(Ey) >1—5/2".
Now we show that c_i#(x), the lower pointwise dimension of u at z, is 0 for y-almost

every x. We recall that m,, = ming ) h;,. The length of each interval I in the set
E, is bounded above by 6, /m,, since the length of h,(I) is d,,. Let

Tn = O0p/My = S /My,

Let x be a point in E,,. Then the interval [x —r,, z +7,] contains one of the intervals
in F and hence Ah,41(x,r,) > 8, — 6,. It follows from (3.10) that

Ah(z,ry) > Ahyor(x,r,) —48pa1 > Sy — 0 — 4Sp01 > S /2
for all sufficiently large n since 6, = s” and s,,; < s2. Therefore,
log Ah(z,1,) < log(s,/2) _ log(s,/2) < 2
log ., —  logr, log(s?/my,) — n’
The last inequality is equivalent to s, < my'" /2, and it follows from (3.8) that
Sn = Sn—1/qn < Sp_1My < My /2.

Thus for any sufficiently large n there exists r,, > 0 such that

log pu(B(x, 7)) _ log Ah(, 1) < 2 for any x € E
log r, log ry, oon "

and 7, — 0 as n — oo. Let x be a point in [0,1]. If follows that d, (r) = 0
provided that for any m there exist n > m such that x € E,. Otherwise, x is in
J=U>_ N2, ([0,1] — E,). It follows from (3.12) that u(N)2, . ([0,1] — E,)) =0
and hence p(J) = 0. We conclude that

1
(3.13) d,(z) =0 for p-almost every v € S°.
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Now we show that Eu(:p), the upper pointwise dimension of p at x, equals 1 for
p-almost all x. We recall that M, = maxpjh,, and hence Ah,(x,r) < 2rM,. We
take 7, = (3M,,)™" and note that by (3.8) s, = s,—1/¢n < 1/q, < 1/(3M,,)" < 7.
It follows that

Ah(z,7,) < Ahy(x,7,) + 4s, < 27, M, + 47, < 3M, 7,
for all sufficiently large n. Hence for all z,
log u(B(x,7,))  log Ah(z,7,) - log(3M,,7n) log(3M,) 1
log 7, B log 7, = log?, log((3M,)=") n’

Clearly, 7, — 0 as n — oo, and we conclude that d,(z) > 1 for all x. Since y is a

Borel probability measure on S*, d,,(x) < 1 for y-almost every z ([8] Lemma 2.1).

Thus d,(z) =1 for p-almost all . Combining this with (3.13) we obtain
d,(x)=0 and d,(x)=1 for p-almost every x.

This completes the proof of the first statement of Theorem 1.5 for the case of 3 = 0.

Now we prove the results for the box and Hausdorff dimensions of p (see Section
2.2 for the definitions). First we show that dimpu = 1. For 7, as above, we have

w(B(x, 7)) < 717V for any 2 € ST
Let Z be a set in ST with (Z) > 0. Then at least p(Z) - 7 /™ balls of radius
7, are needed to cover Z. Thus,
. _—(1-1/n)
logN(Zirn) S 1og;(uJ(Z)7“n~ ) _, 1 log MEZ) 1
log(1/7,) — —log 7, n logr, n—oo

Since 7, — 0 as n — oo, this implies that that dimp(Z) = 1. Thus, dimp(Z) = 1
for any set Z with u(Z) > 0, and hence dimp ;u = 1 by the definition (2.1).

Now we prove that dimy pu, the lower box dimension of p, equals 0. Let Gy =
Mo~y En. By (3.12), u(E,) > 1—15/2" for each n, and hence

w(Gr) >1-5/2""1 =1 as k — oo.

We recall that for each n the set F, consists of 1/s, intervals of length at most r,,
and log s,,/logr, — 0 as n — oo. This implies that each F,, and hence Gy, can be
covered by at most 1/s,, balls of diameter r,, i.e. N(Gg,7,) < 1/s,. Therefore,

di_HlB Gk = lim mfw < liminf w < 1 IOg Sn

=0
=0 log(l/e) = ‘n—oc  log(l/r,) = n—oo logr,

for any k > 0. Thus for any € > 0 there exists a set G such that u(G) > 1 —¢
and dimz G = 0, which implies that dimgzp = 0 by the definition (2.1). And since
0 < dimpy p < dimg p, it follows that the Hausdorff dimension of p is also 0.

This completes the proof of the theorem for the case of 3 = 0.
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The case of 0 < 3 < 1.

The proof for this case uses the same approach as the proof for the case of g = 0.
However, some modifications are needed to ensure that the lower pointwise dimen-
sion is # > 0.

Let v =(1—-0)/2, then v >0 and f+v/n <1 for any n > 1. We construct
the sequences {7,,}22, and {h,}>2, inductively. Let h; be the identity map, 71 be
a rational number close to 7, and s; be a number such that 1/s; is an integer and
0 = si/wﬂ) < s1/2. Suppose that 7,,_1 = pn_1/¢n—1, a function a,_; of period
5p—1, and hence A,_; and h,, are selected. As before, we set M, = maxp ) h;, and
m,, = minj 1) h;,. We choose numbers 7, = p, /qn, Sn and &, and functions a, of a
period s, and A,, such that

0 [7=ml <7 =70l

() |7 =7l =17 =pufan| < 1/q),

(ili) g, > max{1/s,_1, 1/m,, (3M,)", ¢y, ¢(h,,n+1)},

where ¢, is as in (3.4) and ¢ (h,,n + 1) is as in (3.7),

(3.14) (iv) s, = 84_1/qn, hence s, < s> | and s, <1/2",
(v) s, <27 's, 4, and 7 <min{1/(M, +1)", (m,/(2M,))"},
(Vi) 0, = my, s/ hence 6, < 5,/2,
(vii) a,, and A,, are as in Lemma 3.3 with 0 = ¢,, and s = s,,.

Condition (v) is only used in the proof of Lemma 3.5 below. Clearly, it can be
satisfied by choosing a sufficiently large ¢,. We note that ¢, > é(h,,n+ 1) >
| R, > max|h~t| = 1/m,, and hence

1/(B+~/n) 2/(B+v/n) 2/8
1 1 _ Gn < I e < g8
On m,, st/ B/ mnsrll/_(lﬁﬂ/n) = M, - m, " -

Thus we can obtain an estimate similar to (3.9):
n+1
Al furs o) = oo < 26lr =7l (Elhan+ 1)/ )T <

7L4 n 2 "
200(1/2") (an(g3/?) ")

for all sufficiently large n, and establish convergence of the sequence {f,} in the C*
topology. The convergence of {h,} with respect to the distance dy can be shown as
before.

+1
< 2(1/q24)q7(13/ﬁ)(n+1)3+n+2 < 1/2n

We define the sets £, and E,, be as in (3.11). The total growth of A, on E,, and
hence the total growth of h,; on E, is

(S0 —00) (1)) = 1—=06,/s, > 1— s/ (B+r/m)=1
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Since E,, consists of 1/s,, intervals, max |h — h,. 1| < 25,11, and s,41 < s2, the total
growth of h on E, is at least

1— sMBHmM= g )8, > 1= WO _yg > 1 557 > 1 —5/2m,

where 0 = min{ (1/(8 + ) — 1, 1} > 0. Thus, for the measure p with distribution
function A,

(3.15) W(E,) >1—5/2m
Now we show that d,(v) = (3 for almost all x. We take
(3.16) Tp = Op/my, = 55/ B/ then
log sy,
(3.17) Tn < Sn, Sp=71077/"  and hence %85 _ B+ 2
0g Ty

Let x be a point in E,,. Then
Ah(z,ry) > Ahpyr(2,7) — 4841 > Sp— 0 — 4Sp41 > Sn/2
for all sufficiently large n. Therefore
log Ah(z,r,) < log(sn/2) _ logs, log2 log 2 < 54 1

log r, - logr, logr, logr, B log r, n

since r,, < s, < 1/2". It follows as before that d,(z) < 8 for y-almost every x.

To show that d,(z) > 3 we will prove that the function h is Holder continuous
with exponent 3. Then for any z and r > 0, Ah(z,r) < C(2r)? and hence

log ju(B(z, 1)) log Ah(z,r) - log(C2°) + Blogr
= —

logr logr - logr r—0
This implies that d,(z) > 3 for all z, and hence d,(v) =  for y-almost every =.
Lemma 3.5. The function h is Holder continuous with exponent (3.
Proof. We show using induction that
| ho(2) — hn(y) | < |z —y|® for all 2,y with |z —y| < s,_1, and
| ho(2) — ha(y)| < (3—=2"")|z —y|® for all z,y with |z —y| > s,_1.

Clearly, this is true for hy = Id. Suppose that it holds for h,,.

Recall that h,.; = A, o h,, and the diffeomorphism A, is of the form Id + a,,
where a,, > 0 is a function of period s,. It follows that x < A, (x) < z + s,, for any
point z in [0, 1]. Hence, |A,(z) — A,(y)| < |z —y| + s, for any = and y.

If |x — y| > s,—1 we obtain
hn1(2) = Py (Y)| = [An(ha(2)) — An(Ba(y)| < [hi(@) — ho(y)] + s
<@B-2"z—yl’+2" e —yl" = B3-2"N ]z —y/
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since by (3.14) s, <277 ls, | <27z —y| <27z —y|P .
If s, < |z —y| <s,1 we have
g1 (2) = hna(W)] < (@) = Bn(W) |+ 50 < |z —y|” + 50 < 2]z —y|".

It follows from (3.14) and (3.17) that ri/™ < §3/™ < min {1/(M,+1), m,/(2M,,)}.
We use this together with the fact that 5+ ~v/n < 1 for all n in the two estimates
below. Suppose that r, < |r —y| < s,. Then

| M1 () = Pn1(y) | < () = R (Y)| + 50 < M|z —y| + sy
< (M, +1)s, = (M, +1)rP0m < ¢ < |z —y)°

Finally, for |z — y| < r, we have

[ nia(&) ~ b (9) | < maxhy, - Jo— gl = max &, - maxh, - |z — y
B+y/n
2 n 2M,
<20 ey = o g < 2y
2M,

< e —yl? < oyl

Thus, each function h,, satisfies |h,(z) — hn(y)| < 3|z —y|® for all x and y. Since
the sequence {h, } converges to h, it follows that

|h(x) — h(y)] < 3|z —y|® for all z and y.
0J

The proof of the fact that c_lﬂ(x) = 1 for p-almost every x does not require any
modifications. Thus

d,(r)=p and d,(z) =1 for p-almost every z.

The same argument as for 3 = 0 shows that dimpp = 1 for all z.

Now we show that dimpg pu = dimpp = 3. Since d,(z) = 3 for almost all z, it
follows from Theorem 2.1 that dimy ¢ > 3. So it remains to show that dimzp < 3.
As before, let G, = ﬂff:k E,. Since G, C E, and E,, consists of 1/s,, intervals of
length at most r,, we have N(Gg,r,) < 1/s,. As logs,/logr, — [ as n — oo, we
obtain

1 N n . 1 n
dim,, Gy, < lim 08N (Cern) o logsn
n—oo  log(1/ry,) n—oo logry,

for any k£ > 0. It follows from (3.15) that u(Gy) — 1 as k — oo, and hence
dimgp < .
This completes the proof of the theorem.
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