NORMAL FORMS FOR NON-UNIFORM CONTRACTIONS
BORIS KALININ* AND VICTORIA SADOVSKAYA**

ABSTRACT. Let f be a measure-preserving transformation of a Lebesgue space (X, )
and let F be its extension to a bundle £ = X x R™ by smooth fiber maps F, :
Ex — &, so that the derivative of F at the zero section has negative Lyapunov
exponents. We construct a measurable system of smooth coordinate changes H, on
&, for p-a.e. x so that the maps P, = Hy, 0 Fp0H, ! are sub-resonance polynomials
in a finite dimensional Lie group. Our construction shows that such H, and P, are
unique up to a sub-resonance polynomial. As a consequence, we obtain the centralizer
theorem that the coordinate change #H also conjugates any commuting extension
to a polynomial extension of the same type. We apply our results to a measure-
preserving diffeomorphism f with a non-uniformly contracting invariant foliation W.
We construct a measurable system of smooth coordinate changes H, : W, — T, W
such that the maps H s, o f o H, ! are polynomials of sub-resonance type. Moreover,
we show that for almost every leaf the coordinate changes exist at each point on the
leaf and give a coherent atlas with transition maps in a finite dimensional Lie group.

1. INTRODUCTION

The theory of normal forms for smooth maps originated in the works of Poincare
and Sternberg [St57] and normal forms at fixed points and invariant manifolds have
been extensively studied [BKo|. More recently, non-stationary normal form theory was
developed in the context of a diffeomorphism f contracting a foliation W. The goal is
to obtain a family of diffeomorphisms H, : W, — T, W such that the maps

(1.1) fo=HpofoH ' : T,W = Tp,W

are as simple as possible, for example linear maps or polynomial maps in a finite
dimensional Lie group. Such a map f, is called a normal form of f on W,.

The non-stationary normal form theory started with the linearization along one-
dimensional foliations obtained by Katok and Lewis [KtL91]. In a more general setting
of contractions with narrow band spectrum, it was developed by Guysinsky and Katok
[GKt98, G02], and a differential geometric point of view was presented by Feres [Fe04].
For the linearization, further results were obtained by the second author in [S05] and
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it was shown in [KS06] that the coordinates H, give a consistent affine atlas on each
leaf of W. In [KS16] we extended these results to the general narrow band case. More
precisely, we gave a construction of H, that depend smoothly on z along the leaves
and proved that they define an atlas with transition maps in a finite dimensional Lie
group. Non-stationary normal forms were used extensively in the study of rigidity of
uniformly hyperbolic dynamical systems and group actions, see for example [KtSp97,
KS03, KS06, F07, FFH10, GoKS11, FKSp11].

To obtain applications for non-uniformly hyperbolic systems and actions, one needs
a similar theory of non-stationary normal forms for non-uniform contractions. The
existence and centralizer theorems were stated without proof in [KKt01] along with a
program of potential applications. The theory, however, was not developed for quite
a while. The linearization of a C'*® diffeomorphism along a one-dimensional non-
uniformly contracting foliation was constructed in [KKt07] and used in the study of
measure rigidity in [KKt07, KKtR11]. Similar results for higher dimensional foliations
with pinched exponents were obtained by Katok and Rodriguez Hertz in [KtR15]. The
existence of H, for a general contracting C'™ extension was proved by Li and Lu [LLO05]
in the setting of random dynamical systems. Some results, such as existence of Taylor
polynomial or formal series for H,, can be obtained for extensions more general than
contractions, see [AK92, A, LLO05].

In this paper we develop the theory of non-stationary polynomial normal forms for
smooth extensions of measure preserving transformations by non-uniform contractions,
described in the beginning of Section 2. This is a convenient general setting for the
construction. The foliation setting reduces to it by locally identifying the leaf W, with
its tangent space &, = T, and viewing F, = f|w, : & — &, as an extension of the
base system f : M — M by smooth maps on the bundle & = TW. The base system
can then be viewed as just a measure preserving one. In the extension setting, the map
H. is a coordinate change on &, and we denote

Px:foOFonglgx—)(c:fx

In Theorem 2.3 we construct coordinate changes H, for p almost every x so that P, is
a sub-resonance polynomial. For any regularity of F above the critical level, we obtain
‘H in the same regularity class.

Our construction allows us to describe the exact extent of non-uniqueness in H, and
P.. Essentially, they are defined up to a sub-resonance polynomial. As a consequence
of this, we obtain the centralizer theorem that the coordinate change H also conjugates
any commuting extension to a normal form of the same type. We just learned of similar
results in differential geometric formulations by Melnick [M16]. The approach in [M16]
is different from ours and it relies on ergodic theorems for higher jets of F,. Our
results assume only temperedness of the higher derivatives of F, rather than certain
integrability required in [M16]. This allows us to obtain applications to the foliation
setting without any assumptions on transverse regularity of the foliation.
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In particular, we consider a diffeomorphism f which preserves an ergodic measure
with some negative Lyapunov exponents and take W to be any strong part of the stable
foliation. In this setting Theorem 2.5 gives sub-resonance normal forms for f along the
leaves of W. Moreover, we show that for almost every leaf the normal form coordinates
‘H. exist at each point on the leaf and give a coherent atlas with transition maps in a
finite dimensional Lie group G determined by sub-resonance polynomials. This yields
an invariant structure of a G homogeneous space on almost every leaf.

We expect these results to be useful in the study of non-uniformly hyperbolic systems
and group actions.

We thank the referees for careful reading of the paper and useful suggestions.

2. STATEMENTS OF RESULTS

Assumptions 2.1. In this paper,

(X, 1) is a Lebesgue probability space,

f: X — X is an invertible ergodic measure-preserving transformation of (X, ),
E =X xR™ is a finite dimensional vector bundle over X,

V is a neighborhood of the zero section in &,

F YV — & is a measurable extension of f that preserves the zero section,

F & — & is the derwative of F at zero section, Iy, = DoJF, 1 Ex — Efq,

F and F~! exist and satisfy log || Fy|| € LY(X, p) and log ||F, '] € L' (X, u),
and the Lyapunov exponents of F are negative: x1 < --- < x¢ < 0.

Sub-resonance polynomials. Let y; < --- < x; < 0 be the distinct Lyapunov
exponents of F and let & = £ @ --- @ & be the splitting of &, for x € A into the
Lyapunov subspaces given by the Multiplicative Ergodic Theorem 3.1.

We say that a map between vector spaces is polynomial if each component is given
by a polynomial in some, and hence every, bases. We consider a polynomial map
P : & — & with P(0,) = 0, and split it into components (Pi(t),..., P(t)), where
P& — S?j. Each P; can be written uniquely as a linear combination of polynomials
of specific homogeneous types: we say that Q : £, — 8; has homogeneous type s =
(s1,...,s¢) if for any real numbers as, ..., a, and vectors t; € 1, j = 1,..., ¢, we have

(2.1) Qaity + -+ +agty) = ai' - -a;" - Q(tr + -+ + o).

Definition 2.2. We say that a polynomial map P : €, — &, is sub-resonance if each
component P; has only terms of homogeneous types s = (s1,...,S¢) satisfying sub-
resonance relations

(2.2) Xi < Z sjXj, where sy1,...,s, are non-negative integers.
We denote by S, the space of all sub-resonance polynomial maps from &, to &,.

Clearly, for any sub-resonance relation we have s; = 0 for j < i and ) s; < x1/xs-
It follows that sub-resonance polynomial maps have degree at most

(2.3) d=d(x) = [x1/xe]-
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Sub-resonance polynomial maps P : £, — &, with P(0) = 0 with invertible derivative
at the origin form a group with respect to composition [GKt98]. We will denote this
finite-dimensional Lie group by G¥. All groups G are isomorphic, moreover, any map
P e S,, with P(0,) = 0, and invertible derivative at 0, induces an isomorphism
between G and G by conjugation.

We denote by B, () the closed ball of radius o(x) centered at 0 € £,. For N > 1
and 0 < o < 1 we denote by CNV¥(B, 5(z)) = CV*(By (), Ex) the space of functions
from B, ;) to £ with continuous derivatives up to order N > 1 on B, ;(;) and with
N derivative satisfying a-Holder condition at 0:

(2.4) IDMR||, = sup { |DIVR — DSVR|| - [[t]|7: 0%t € By} < 0.

We call | D™ R||,, the a-Hélder constant of D™ R at 0. We equip the space CV*(B, ;1))
with the norm

(2'5) ||R||CN’O‘(BIE,O'(Z)) = maX{HRHO’ “D(I)RHO: SET) HD(N)RHO: ||D(N)R||a}7
where [|D® Ry = sup {||DPR|| : t € By o) }-

We say that a non-negative real-valued function K on X is e-tempered at x if
(2.6) sup {K(f"x)e " : n € N} < oo,
and that K is e-tempered on a set if it is e-tempered at each of its points.

We consider an extension F satisfying the Assumptions 2.1 and denote by A the set
of regular points and by x; < --- < x¢ < 0 the Lyapunov exponents of I’ given by the
Multiplicative Ergodic Theorem 3.1. For N and « as above we define

(2.7) k=14+3/aif N=1 and k=4 if N > 2.
If N > 2 we allow a = 0, in which case we understand CV* as CV.

Theorem 2.3 (Normal forms for non-uniformly contracting extensions).
Let F be an extension of f satisfying Assumptions 2.1. Suppose that

(2.8) N>1, 0<a<1l and N+a>xi/xe-

Then there exist positive constants L = L(N,«a) and ex = e,(N,a, X1, ..., X¢) S0 that
for any 0 < e < e, the following holds.

If there exists a positive measurable function o : A — R so that 1/o is e-tempered
on N and F, is CN’a(Bx,U(I)) for all x € A with the derivatives measurable in x and
with || Frlonva e-tempered on A then

(1) There exists a positive measurable function p : A — R so that 1/p is ke-tempered
on A and a measurable family {H,}oen of O diffeomorphisms H, : By pz)y — &
satisfying H,(0) = 0 and DoH, = Id which conjugate F to a sub-resonance polynomial
extension P:

HipoFy =PyoHy, where Py € Sy pp for all x € A.
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Moreover, ||Ha||oN.o(Bapm)) 5 Le-tempered on A and ||D(()n)7'lx|| is n*e-tempered on A
forn =1,..., N, with respect to the e-Lyapunov metric (3.2).

(2) Suppose H = {HyYoen is another measurable family of diffeomorphisms as in (1)
conjugating F to a sub-resonance polynomial extension P. Then for all € A there
exists G, € GYX which is measurable and tempered in v such that H, = G, o He,.
Moreover, if D(()")’;‘:lr = D[()")”Hw foralln =2 ....d = |x1/xe], then H, = H, for all
x € A. In particular, {H,}ren is unique if d = 1.

(8) Let g : X — X be an invertible map commuting with f and let A’ be a subset
of A which is both f and g invariant. Let G(z,t) = (g(z),G.(t)) be an extension of
g to & which preserves the zero section and commutes with F. Suppose that G, is
CNY By o)) for all x € N with the derivatives measurable in x, and that ||G||cn.a
and ||(DoG.) || are e-tempered on A'. Then Hgy 0 G o Hy' € Sy pr for all z € A

Corollary 2.4. Suppose that F, is C*(B,s(z)) and that 1/o and || F,| o~ for each
N € N are e-tempered on A for each ¢ > 0. Then H, in part (1) of Theorem 2.3 is

Normal forms on stable manifolds. Let M be a compact smooth manifold and let
f be a diffeomorphism of M preserving an ergodic Borel probability measure pu. We
assume that f is CV, that is CV with N derivative a-Hélder on M. We denote by
A the full measure set of Lyapunov regular points for (Df, ). Let x1 < -+ < xw be
the Lyapunov exponents of (Df, 1) and suppose £ is such that y, < 0. Then for each
x € A there exists the (strong) stable manifold W, tangent to &, = EL @ ... ® £ [R79,
Theorem 6.1].

Theorem 2.5 (Normal forms on stable manifolds). Let M be a compact smooth man-
ifold and let f be a CN2 diffeomorphism of M preserving an ergodic Borel probability
measure . Suppose that N > 1, 0 < o <1 and N + « > x1/xe- Then there exist a
full measure set X which consists of full stable manifolds W, and a measurable family
{Ho}oex of CN< diffeomorphisms

H, W, —E. =T, W, such that
(i) Po=HpofoH, : E — Epy is a sub-resonance polynomial map for each x € X,
(ii) H.(x) =0 and D, H, is the identity map for each x € X,
(iil) ||Hzllove is tempered on X,
(iv) HyoH, ' : E — &, is a sub-resonance polynomial map for allz € X andy € W,,
(v) If g : M — M is a O™ diffeomorphism commuting with f which preserves the

measure class of p then Hyy 0 go H' 1 €, — Eyu s a sub-resonance polynomial map
for all x in a full measure set X' which consists of full stable manifolds.

Another way to interpret (iv) is to view H, as a coordinate chart on W, identifying
it with &,. In this coordinate chart, (iv) yields that all transition maps H, o H,! for
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y € W, are in the group GX generated by GX and the translations of &,. Thus H,
gives the leaf a structure of homogeneous space W, ~ G%/GYX, which is consistent with
other coordinate charts H, for y € W, and is preserved by the normal form P, by (i).

Corollary 2.6. Under the assumptions of the Theorem 2.5, if d = |x1/xe] = 1, i.e.
2x¢ < X1, then P, is the linear map Df|e,, the family {H,}rex satisfying (ii) and (iii)
is unique, the maps H, o H;' : €, — &, are affine for allz € X and y € W, and H,
depends CN -smoothly on y along the stable manifolds.

3. LYAPUNOV EXPONENTS AND LYAPUNOV NORM

In this section we review some basic definitions and facts of the Oseledets theory of
linear extensions. We use [BP] as a general reference. For a linear extension F' of a
map f we will use the notation

(3.1) F} = Fp-1,0---0Fp 0 F,.

Theorem 3.1 (Oseledets Multiplicative Ergodic Theorem, see [BP] Theorem 3.4.3).
Let f be an invertible ergodic measure-preserving transformation of a Lebesgue probabil-
ity space (X, ). Let F' be a measurable linear extension satisfying log ||F,|| € L*(X, i)
and log ||F,7Y|| € LY (X, ). Then there exist numbers x1 < --+ < Xe, an f-invariant set
A with p(A) = 1, and an F-invariant Lyapunov decomposition

Eo=E@-- D& forzeA

such that
(i) lirf n~!log ||| = xi foranyi=1,...,0 and any 0 # v € 5:2, and
n—1roo

(ii) lim n~'log | det F*| = S0 mxs, where m; = dim &
n— oo
The numbers xi, ..., x¢ are called the Lyapunov exponents of F and the points of the
set A are called regular.

We denote the standard scalar product in R™ by (-, -). For a fixed ¢ > 0 and a regular
point z, the e-Lyapunov scalar product (or metric) (-,),. in & = R™ is defined as
follows. For u € & and v € & with ¢ # j, (u,v),. := 0, and for i = 1,...,¢ and
u,v € EL,

(3.2) (U, v)ae =m Y (Fy(u), F}(v)) exp(=2xin — eln]).

nez

Note that the series converges exponentially for any regular . The constant m in
front of the conventional formula is introduced for more convenient comparison with
the standard scalar product. Usually, ¢ will be fixed and we will denote (-, ), . simply
by (-, ). and call it the Lyapunov scalar product. The norm generated by this scalar
product is called the Lyapunov norm and is denoted by || - ||z or || - ||
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Below we summarize the basic properties of the Lyapunov scalar product and norm,
for more details see [BP, Sections 3.5.1-3.5.3]. A direct calculation shows [BP, Theorem
3.5.5] that for any regular z and any u € &¢

(3.3) exp(nx; —e|n|) Jullze < [[F(w)||free < exp(nx; +eln|) ||ullze for all n € Z,

(3.4) exp(nxe —en) < ||F} || froce < exp(nxe+en) foralln € N,

where || - || fnzes is the operator norm with respect to the Lyapunov norms. It is defined
for any points z,y € A and any linear map F': &, — &, as follows

[Ellyew = sup {| Fullye : u € &, ullae =1}

We emphasize that Lyapunov scalar product and norm are defined only for regular
points and depend measurably on the point. Thus, a comparison with the stan-
dard norm is important. The uniform lower bound follows easily from the definition:
|u||ze > |lul|. The upper bound is not uniform, but it changes slowly along the regular
orbits [BP, Proposition 3.5.8]: there exists a measurable function K (x) defined on A
such that

(3.5) llul| < ||u)lze < Ke(x) - |Ju|| for all z € A and u € &,, where K.(x) > 1,
and
(3.6) K. (z)e s < K. (f"z) < K.(z)e™ for all z € A and n € Z.

Using (3.5) we obtain that for any point z,y € A and any linear map F : £, — &,
(3.7) Ko (x)™ P < Fllyes < Ee(y)- 1F]]-

When ¢ is fixed we will usually omit it and write K(z) = K.(z) and ||Jul|, = ||u| .-

Similarly, we will consider the Lyapunov norm of a homogeneous polynomial map
R: &, — &, of degree n defined as

(3.8) [Rllyee = sup { | B(u)lly,e - v € &, |luflse =1}
It follows that

(3.9) [ RoP| <R[ -[P]"

For a homogeneous polynomial map R : &, — &, of degree n we have
(3.10) Ke(z)" - [[R] < |[Rllyee < Ke(y) - [[R]-

This formula allows us to switch between the standard and Lyapunov norms in spaces
of polynomials and smooth functions.
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4. PROOF OF THEOREM 2.3

We note that (2.8) implies N > d. We give the proof for the case aw > 0. The proof
for a = 0, and hence N > 2, is similar but avoids difficulties of estimating the Holder
constant at 0. We will use notation F' = Fyn-1,0---0 Fp, 0 F,.

Now we define constants that will be used throughout the proof. We set

(4.1) L > L(N,a) = max {k, N* + 3N? + 1}, where & is given by (2.7).

We define A < 0 as the largest value of —x; + Zﬁzl s;x; over all ¢ € {1,...,¢} and
non-negative integers sy, ..., sy such that sub-resonance condition (2.2) is not satisfied:
(4.2) A =max {—x; + Z six; <0}

The maximum exists since there are only finitely many values of —x; + > s;x; greater
than any given number. Next we recall that N 4+ « > x1/x¢ and set

(4.3) v=x1—(N+a)x >0.

The proof of part (1)

(44) eo=min{v/2L+4(N +1+a)), —x¢/2NL+3), =\/(N*+ N+1)} > 0.
)

For parts (2) and (3) of Theorem 2.3 we will use smaller bounds on e: £y = g¢/(N + 1)
and €, = €0/3(NN + 1) respectively.

We fix L > L(N,«a) and 0 < € < €9, and let K = K. be as in (3.5). Since [|F,||cn.a
is e-tempered, there is a function C': A — [1,00) such that for all z € A and n € N

of Theorem 2.3 works for any L > L(N,a) and any € < €y, where

(4.5) | Felleve < C(z) and C(f"z) < e™C(z).
Similarly, replacing o by a smaller function if necessary, we can assume that it satisfies
(4.6) o:N—(0,1] and o(f"x) > e "o(x).

Lemma 4.1. Under the assumptions of Theorem 2.3, there exists a function p : A —
(0,1] so that for allz € A, n € N, and t € By pu) C &, we have p(z) < o(x) <1 and

) p(frz) > e """ p(x), where k is given by (2.7),

2) D¢ Fll praca < ebxet2m,

3) [|Dy F|l < K(x) etz

4) [|F )] < K(x) et e]],

(5) IF @)l pne < e t]l,.

Proof. We take f=1if N >2and =« >0if N =1. For each x € A we define
(4.7) p(z) = o(x)[e e (Ca) K (2)?) 7.

Then (1) follows from (4.5), (4.6), and (3.6); (5) follows from (2) by the mean value
theorem since F'(0) = 0. We prove (2), (3), and (4) by induction. The statements are

(1
(
(
(
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clear for n = 0, suppose they hold for n. Note that (2) implies (3) by (3.7), and (3)
implies (4). We observe that
1Dy F2  prtroea < Do Fpoall otz gro - |1 De Fpoall proea,  where ¢ = F(t).
Then (2) follows from the inductive assumption and
(4.8) 1Dt Fprall prrepra < X7,

To prove (4.8) we denote A = Dy Fyny — Do Fyny. By the choice of 8 and (4.5), the
p-Holder constant of Dy Fyn, at 0 is at most C'(f™x), so using (3.7) we obtain

1A iz pre < K(F )| Al < K(f™2)C(f")[1H])°,
and using (4.5), (3.6) and the inductive assumption (4) we get that this is at most
K (x) C(x) e® VK (2)7 P02 |[H]]7 < ¢ Ow) K (x)? el 7020 7)),
Since ||t|| < p(z) and Sxe + 2(1 4 5)e < 0 we obtain
Al et gee < € Cla) K@) p(a)} < ecrteo(a)? < eevite
Since
Do Fpng = Fpnp and || Fpng | prtrge pny < X7°
by (3.4), we conclude that
eXETE | gXite < oXet2e

||Dt’ J—:f"m”f”""lm—f"x S ‘|A|’f"+lx<—f”x —|— ||Ff"m||f”+1m%f"w S 19 -~
0]

4.1. Construction of P and of the Taylor polynomial for H.
For each x € A and map F, : & — &, we consider the Taylor polynomial at ¢ = 0:

(4.9) Fault) ~ > F(1):

As a function of ¢, e (t) : & — &, is a homogeneous polynomial map of degree n.
First we construct the Taylor polynomials at ¢ = 0 for the desired coordinate change
H.(t) and the polynomial extension P,(t). We use similar notations for these Taylor
polynomials:

MHo(t) ~ > HM () and Pu(t) = PM(1).

n=1

For the first derivative we choose
HY =1d: €&, - & and PY =F, forallzc A.

We will inductively construct the terms H and PL™ for all in € A so that P
is of sub-resonance type and they are measurable in z and n?e-tempered, i.e.

_n2 2
(4.10) sup N H G || i < 00 and sup ¢ "N P | prtpe g < 00,
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The base of the induction is the linear terms chosen above. Now we assume that
the terms of order less than n are constructed. Using these notations in the conjugacy
equation Hy, o F, = P, o H, we write

N N d N
(Id +) H@) ° <F$ +y F@) ~ <F$ +y P,ﬁ“) o (m +3 H§j>> .
=2 i=2 i=2 =2
and considering the terms of degree N > n > 2, we obtain
F 4+ H + Y HP)oFY = F,o HM + PM + Y PY o HY,

where the summations are over all ¢ and j such that ij = n and 1 < 7,57 < n. We
rewrite the equation as

(4.11) Flo P = —HP + Flo H) o Fy + Qs

where

(4.12) Q. = Fljl <F5§n) + Z H](jx) o Féj’ _ ngj) o Hgg)) .
ij=n, 1<i,j<n

We note that Q, is composed only of terms H® and P® with 1 < i < n, which are
already constructed, and terms F® with 1 < ¢ < n, which are given. Thus by the
inductive assumption @), is defined for all z € A and measurable. We will show later
that they are also suitably tempered in x.

Let R&”) be the space of all homogeneous polynomial maps on &, of degree n, and let
S and M be the subspaces of sub-resonance and non sub-resonance polynomials
respectively. We seek HY" so that the right side of (4.11) is in 8!, and hence so is
P™ when defined by this equation.

Projecting (4.11) to the factor bundle R(™ /S™ our goal is to solve the equation

(4.13) 0=-H" +F o 1Y o F, +Q,,

where H™ and @ are the projections of H™ and Q respectively.
We consider the bundle automorphism ® : R™ — R(™ covering f~! : M — M

given by the maps @, : Rﬁ) — RM
(4.14) ®,(R) = F-' o Ro F,.

T

Since F preserves the splitting £ = E1 @ --- @ &Y, it follows from the definition that the
sub-bundles S and N are ®-invariant. We denote by ® the induced automorphism
of R™ /8™ and conclude that (4.13) is equivalent to

(4.15) H™ =&,(HY), where &,(R) = &,(R) + Q..

Thus a solution of (4.13) is a ®-invariant section of R /S™. We will show that ®
is a nonuniform contraction and that it has a unique measurable tempered invariant
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section. First, for polynomials of specific homogeneous type the exponent of & is
determined by the exponents of F' as follows.

Lemma 4.2. For a polynomial R : ¢, — E}x of homogeneous type s = (S1,...,5¢)
with s1 + -+ 4 sy = n,

(4.16) 192 (Rl < e F2 2 VTR g

Proof. Suppose that v = v + -+ + v, where v; € &, and |Jv|, = 1. We denote
a; = ||F'|gi |l fzee and observe that Fy(v;) = ajv; € &, with [[v}]|r, < [lvjll,. Since R
has homogeneous type s = (s1,...,s¢) we obtain by (2.1) that

(A1) (RoF)(®) = R(art) + - +ap)) = a - al - R, + - +1]).

where v/ = v} + - - + v}, has ||V'|| sz < ||v]|. = 1 by orthogonality of the splitting in the
Lyapunov metric. Thus

I(R o Fo)()llga = ai* -y - [R()[| o < a7+ @) - ||| oeesa
for any v € &, with |[v||, = 1, so we obtain |R o Fy|lzefr < ai' - a," - || R frepz bY
definition (3.8). Now (3.9) yields

192(R) oo = [ Flg; © R Falloes < I1FIg lov-go - 1R © Folloepa <

SN e go - a5 @ - Rl g < €57 [ [(97%9) - || Rl poe g
j
o oo < €% by (3.3). O

Since a; = || Flg |l joee < €97 and || F|g,

Remark 4.3. Similarly, one can show that |®; (R)|| foe o < 728Xt 0HDE|| R
Since this holds for any € > 0, using (3.10) to compare the Lyapunov and standard
norms, one can conclude that the Lyapunov exponent of ® on R is

. -1 k o~ RV
Jim K og |R4(R) | = —xi + ) six;-

For all non sub-resonance homogeneous types we have —x; + > s;x; < A by the
definition (4.2) of A. Thus Lemma 4.2 yields the following lemma.

Lemma 4.4. The map ® :~J\/’(") — N™ given by (4.14) is a nonuniform contraction
over =1, and hence so is ® : R /S™ — R™ /SM) given by (4.15). More precisely,
120 (B) oz < D2 IR pi o

Proof. The statement about ® follows since the linear part ® of ® is given by ® when
R /S™ is naturally identified with N™. By the choice of &, A+ (n+1)e <0. O

It follows from the previous remark that A\ is the maximal Lyapunov exponent of
® over f~! on the space of non sub-resonant polynomials, and that all Lyapunov
exponents of ®|gm) are non-negative.
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Now we construct a ®-invariant measurable section of the bundle B = R /S™ and
study its properties. The construction is orbit-wise. We fix a point = € A, consider its
positive orbit {zy = f*z : k > 0}, and define the Banach space

B" = {R = (Ri)izo : Ri € B, [|R]| < oo}, where R[] = sup || Rill oz
>0

and || Rgl|zj«z, is the norm induced on B,, by the Lyapunov norm ||.||,, on &. We
denote Q@ = (Q.,), and claim that it is in B%. For this we need to estimate the
growth of the Lyapunov norm of (4.12) along the trajectory:

||Q-Tksz<*-Tk S HFﬁlekekarl ’ ( HF n)HIkJrN*fEk—i_

4.1 i
(4.18) S HD Moo IED N o + 1PNy IHO, Lo )-
ij=n, 2<i,j<n/2

First, ||, | opeap,, < € X7 for all z and k by (3.4). The exponential growth rate in

k of ||Fg£;Z |l2xy14a, is at most 2e. Indeed, using (3.10) and (3.6) we can obtain from
(4.5) the corresponding estimate for C™*® norm with respect to the Lyapunov metric
on &, :

(419) [ Fllove s, < K(fzo)|Fallova < K(ig)C(ay) < eV K (2)C(2).

Then using the inductive assumption (4.10) for the terms of order i,j7 < n, we can
estimate the exponential growth rate of the two terms in the sum respectively as
(1% + 2i)e and (j* + i%j)e, which are at most ((n/?) +in)e < n*e. So the exponential
growth rate of ||Qq, ||z, can be estimated by n% and thus [|Q| < oo.

Then ®* induces an operator on B* by (®%(R)); = @y, (Rp41) + Qi and we have

|9°(R) = &(R)| = sup e | &y, (Riss = Bip) lopens <

—en?k A +(n+1)e /
< iup e e [ Rr1 — Bhpillaps can <
>0

TLQ n — 'fL2 TLQ n
= 6)\+( s (ig%) ¢ (D) H(Rk‘—i—l - R;€+1)||$k+l<—$k+1> = 6)\+( e “R - R/H'
Since A + (n® +n + 1)e < 0 by the choice of £ (4.4), ®* is a contraction and thus has a
unique fixed point R* € B*. We claim that H," ) — 0 1s a measurable function which
is a unique solution of (4.15) or equivalently (4. 13) Measurability follows from the
fact that the fixed point can be explicitly written as a series

oo

(4.20) A =S (FF) 0 Q0 FE,

k=0
Invariance is clear since (R}, ;)72 is a fixed point of ®/* which coincides with (R{*)22,

by uniqueness and thus RY = RJ". More generally, ]:Ig(cz) = Ry* = R}, and since
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R* € B, the exponential growth rate of ||]:Ig(c:)||xk<_xk is at most n?. Now we can
choose HS™ as a lift of A" to RY” which is measurable in z and satisfies (4.10). Then
we define P! by equation (4.11). It also satisfies (4.10) as so do H and @ and as
| Fillzefz and ||F; Y| f2ce are uniformly bounded. This completes the inductive step
and the construction of H™ and P™ n =1,..., N, satisfying (4.10).
Thus we have constructed the N-th Taylor polynomial for the coordinate change
N

(4.21) HY(t) = Z H™(t) of degree N >d = |x1/x¢]

n=1
and the polynomial map P,(t) = 3¢ _ P ().

4.2. Construction of the coordinate change H.
We rewrite the conjugacy equation Hy, o F, = P, o H, in the form

(4.22) Heo =P, oHpp 0 Fy

A solution H = {#,} of this equation is a fixed point of the operator T given by
(4.23) T(H), =P, oHysp o Fy.

We will find # in the form H = HY + R, where H" is given by (4.21). We denote
(4.24) R=H-H" and T(R)=TH" +R) -1V

and observe that T(H) = H if and only if T(R) = R. We will find R, using the fixed
point of a contraction T induced by T on a certain space C* of sequences of functions
along the orbit of z. Now we define the space C*.

By the construction of HY and P, HY and T(HY) have the same derivatives at
the zero section up to order N, so we consider functions with vanishing derivatives
at the zero section up to order N. First we describe the space of functions at each
regular point x. For any x € A we denote by B, , the ball centered at 0 in &, of radius
r < p(z) < 1 in the Lyapunov norm ||.||,. We define

Cov = {R€CNB,,,&): DPYR=0, k=0,..,N}.

Throughout this section we use the C™V® norms with respect to the Lyapunov metric
on &,. They are estimated through the norms for the standard metric (2.5) in (4.19).
In particular, we use the a-Hélder constant (2.4) of DR at 0 with respect to the
Lyapunov metric, which for any R € C,, is given by

(4.25) IDN Rl = sup (|} Rllpes - It 2% : 0 # ¢ € By}
For any R € C,, lower derivatives can be estimated by the mean value theorem as

(4.26) HDzEn)RH:H—x < “tHiV_n : SUP{HDL(@N)RHM—JC : HSH:E < Ht”ﬂc}v
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so using the above Holder constant we obtain that for any 0 <n < N and t € B, ,,

(4.27) IDF” Rllace < I - DY) Rl 0
Thus the norms of all derivatives are dominated by the Holder constant and hence
(4.28) IRl o s, = DY R0

It follows that C,, equipped with the norm ||[D™)R||,., is a Banach space.
We will choose a small r = r(x) < p(x) satisfying (4.40) and set

(4.29) 1y = re2NVIke

where L is given by (4.1). We define C* as the following Banach space of sequences of
functions along the orbit z, = f*x

(4.30) = {R=(Ru)y: Rr €Caprp» ||R]lc < 0}, where

(4.31) |R||c = sup {e‘LkaHD(N)RkHIk o: k>0}

with the norm ||.||;, « defined as in (4.25) and satisfying (4.28). We consider the
operator T% induced by T on C*:

(4.32) (T"(R)k = (Pay) " o (HY |+ Ris1) 0 Fuy — MY

Th+41
Now we estimate the growth of C™* norms of H) and T(H"), = P;' o H}), o F.
along the orbit to verify that 7%(0) is in C*. We recall that

DY (Ha) =1d and DY (P,) = PY = F,,
by the construction, and the latter satisfies

HszHI’“HE‘T’“ < e and ||F‘T7kl”xk(f.’l‘k+1 < e x1te,

Also, for 2 < n < d, the Lyapunov norms of D{" (P,,) = P and D" (H,,) = HY
grow at most at the exponential growth rate ne in k by (4.10).

Recall that the inverse of P, is also a sub-resonance polynomial P, " = Ei 1 (77;161)(”).
We now show that the Lyapunov norms of (P, 1™ also grows at most at the exponen-

tial rate n%e in k. First, its linear term (ch_kl)( ) = (Pé,?) = F, ! has bounded Lya-
punov norm. Inductively, we consider terms of order n > 1 in the equation PoP~! = Id
and obtain

Pq(;i) ° (P;cl)(n) 4 fpggz) o (’]ka )(1) + Z ’ka xk ) = 0.

1,j<n, ij=n

The terms in the sum can be estimated as ||PLY o (P Ho)| < 1PN - 11(P; D" and
hence are (7% + j%i)e-tempered by the inductive assumptlon Since i,j <n / 2 we obtain
P2+ % =% +ni < n2/4 + n2/2 < n. Multiplying the equation by bounded (P{)~!
we conclude that (P, 1™ is n2e-tempered, completing the induction.
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Now we estimate C™® norms of polynomials H" and P~!. For #", the derivative of

order N is constant HJ(CN) on &,, and the lower derivatives on B, ,) can be inductively

estimated similarly to (4.26),

N—1 N—1 _
IDN Y [pew < 1D Hollew + [l HY oee < THY D aee + 1 HY |oes

yielding the same estimate of the exponential rate as for HéN),

(4.33) [Hey N (Bagpaey < €1(x)e* for all k> 0.

Similarly for P, ! the derivative of order d < N is constant on &, , higher derivatives
are zero, and the lower derivatives can be estimated as for H, so we obtain

(4.34) 1(Po) "Ml By piay) < cal)eN 5 for all k > 0.
To obtain estimates for (T(H")), = P, " o H}, o F, we use the following lemma.

Lemma 4.5. If Q is a polynomial of degree at most N and F is CN then Q o F is
CN and ||Q o Fllonva < en [|Qllen [|[Flldna + |Qllco, where cx depends on N only.

Proof. Since @ is O it is clear that Q o F is CV. For the N derivative we have

DY (QoF) = DrwQo DIVF+ Y DE,QoDYF.

kj=N, j<N
First we estimate a-Holder constant at 0 of the first term. As D@ is linear, we get
Drw@Qo Di™F = DoQo DM F = (DryQ — DoQ) o DV F + DyQo (DM F — D{Y F)
whose norm can be estimated by
N N N

| Dx@ = DoQll - [P FI + 1 Do@]| - | D F — Dg™ Fl <

<|@Qllc2 - IFO - [ Fllewa + [1Qller - [Fllowa - IE]* <

< |Qllez - [Fliewa - [[Fller - [t + NI Qller - 1 Fllowe - (I
So the a-Holder constant at 0 of Dyy@ o DEN)]-" is estimated by 2||Q|lcw || F||Zn.q-
The other terms in the sum are C' and hence are Lipschitz with constant bounded

by supremum norms of their derivatives. These norms, along with the norms of lower
derivatives of () o F can be estimated as a sum of termss of the type

k j k j
(4.35) DR, Qo DI F)| < IDE, QI 1D FIIF < 1Qlow [F [ dn.a-
We conclude that [|Q o Fllena < e [|Qllon | F][¥xa + Q) co- O

Later we will also need a similar result for the case when @ is not a polynomial.

Lemma 4.6. If Q and F are CN%, then Q o F is OV and

1Q o Fllonva < i |Qllova [ FIXRE + |Qllco, where ¢f depends on N only.
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Proof. The proof is the same as in Lemma, 4.5 except that, since DV Q is only Holder,
we also need to estimate the a-Hélder constant at 0 of the term D (t)Q o DiF in

Y(QoF)=DEyQo DiF + DrQo DV F+ Y DRyQoDYF
kj=N, j,k<N
We consider
D)Q o DF — D{Qo DoF =
= (D8)Q - DV @) o DF + DIMQ o DIV F — D{VQ o DM F

and estimate its norm as

1Qllex IF @ - | DFIN + Lip(DFY'Q) - | DF — DoF | <

< Qlleva - (IF Nl It - 1 F N8 + y IDEVQUIFINT - 1 Fllcre - £ <

<t (1Qllewa - IFIET + ey lQllew - |1 Fllga - [ Fllere) -

Here we estimated the Lipschitz constant Lz’p(D(()N)Q) of the homogeneous polynomial

N-form D™ @ on a ball of radius R = || F||¢1 by the supremum of its derivative on that
ball, which is a homogeneous polynomial (N — 1)-form whose norm can be estimated

by HD(()N)QH with some constant ¢, depending on N only.
So the a-Holder constant at 0 of Dg\([t))Q o D,F is estimated by

1Qllewa(IFIET + [ Fllehe) < (cy + DIQlovallFIEEE
We conclude as in Lemma 4.5 that [|Q o Fllove < ¢ [|Qllova [[FII08S + 1Qllco. O

We apply Lemma 4.5 with Q@ = HY and then with Q = P~!. We conclude that
T(HY) is CN*. Moreover, since ||F||Ny.. is 2e-tempered by (4.19), using (4.34) and
(4.33) we can estimate the growth rate for T'(H") by N?c+ N(N?c + N 2¢) and obtain

(4.36) ITH™ )kl on (B agpany) < C3(x)e™ 3Nk,

Recall that L > max{r, N® + 3N? 4+ 1} by (4.1). Using 7 < p(x), (4.29), and Lemma
4.1(1) we obtain that that for all £ >0

(4.37) rp = re VR < pemlh < p(x)e R < p(ay).
Finally, L > N3 + 3N? ensures that T(0) € C* as ||T(0)]|¢= is at most

(438) o = sup e (T ellomap gty + - 0w seny) < o0

We recall that v > 0 is given by (4.3) and define
(4.39) f=(1-e"?/2, 0<h<1, and vy=+'/6.
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We choose r = r(x) < p(x) < 1 satisfying

r<e/Qe(x)y), r<p(a)/(27), <0/ (cs(w)yV e,

4.40
(4.40) where 0, 7, co(z), c5(x), M are given by (4.39), (4.34), (4.46).

We denote by B*(7y) the closed ball in C* of radius . Our goal is to show that T
is a (1 — A)-contraction and that T%(B*(v)) C B*(y). Since ||T(0)||c- <+ it suffices
to prove that the differential of 7% at R is a (1 — 6)-contraction for each R € B*(7).

First we check that the compositions in (T'(R))j, are well-defined. We take t € By, ,,
and show that ¢ = F,,(t) is in By, s, Since by (4.37) ¢ is in the ball B,, ,,) in
standard metric, the estimates in Lemma 4.1 hold for any k. In particular, by (2),(5)

1
(441)  IDVFollaparcan < €% and  ]]ap, = [Foe O llopes < ]y
Since ||t]],, < i = re 2VEF this yields
(442) ||t/||zk+1 < exz+25,re—2NLka < ,re—QNL(k-‘rl)a = o1,

since by the choice of € we have y, + 2¢ + 2N Le < 0.

Now we estimate t” = (?—[i\;H + Rj41)(t') to show that it is in By, | p(a,,,) Where we

have estimates for (P,,)~!. Using the mean value theorem, (4.38), and the inequality
~' < 7 we obtain

H,Hx’““( )Hx’“*l = Ht Hx’““HHIkH”CI < Ht H$k+1HHI}C+1HCN’Q(BCISkJth(CEkJrl))
< Tpyie (k-i—l)a,y/ < rel1m2N)L (1<;+1)g,y <y o~ L(k+1)e

as 2N — 1 > 1. Using (4.28) we obtain similarly that for any R € B*(y),
1Rkt () laar < N8 o - 1D Risalligsya0 < ria ™0 || Rles < pyem P02,

Since p(zy) > p(x)e™"* > p(z)e L and 2yr < p(z) by (4.40), we obtain

(4.43) [[t"llarr = I(Hay,, + Bist) () |y, < 2yre”ED2 < pla)e P02 < plag).

Now we show that T is a contraction on B*(v) by estimating its differential. For
any R,S € B*() we can write
(T*(R+S) —T*(R))i =
= (Po,) " o (Hay,, + Ripr + Ski1) 0 Fuop = (Poy) ™ 0 (Hay, + Riir) © Fay

Tk+1

Differentiating (P,,)~! and denoting
y(t) = (R, + Ripr)(Fo (1) and - 2(t) = Spya (Fu, (1))

we obtain

(T*(R+8) = T"(R))k(t) = Dy (Pa,) " 2(t) + E(2(1)),



NORMAL FORMS FOR NON-UNIFORM CONTRACTIONS 18

where E is a polynomial with terms of degree at least two. It follows that || E(2(1))|lce =
O(||S||%.) and so the differential of T is given by

([DRT?IS)K(t) = Dyiy(Pa) ™ Sea (Fu (1) = Ar(y(t))=(8),

where Ay (s) = Ds(P,,)"'. To estimate the norm we consider the derivative of order
N. Since Ag(y(t)) is a linear operator on z, the product rule yields

(4.44)  DWA(y(8)2(1)] = Ae(y() DN 2(t) + > ey D™ Ay (1) DO (1),
where m 4+ 1= N and | < N for all terms in the sum. Differentiating z(t) we get
DO(t) = DVSpar (Fo(8)) = D D' Sien 0 DY Foy,

where ij = [ and t' = F,, (t). Only the first term in (4.44) contains DS, so
(4.45) DM (DRT?)S) = DY) (Pa,) ™ 0 DY Sper 0 DIV Fyy + Ui,
where J;, consists of a fixed number of terms of the type

D™ Ax(y() (D' Sker 0 DY Foy )i < N, m+ij = N,
whose Lyapunov norms can be estimated by

1AL oy - 1D Skl - | Fael o,

We use (4.19) to estimate the last term: ||Fy, [[onva,, < K(z)C(x)e®**+Ve. For the
middle term by (4.27) we have as i < N

19 Skl < IS - 1D Seinllapyrn < NI - [1Sler eH+D2

Th+1
Since [y, < Xl < [, by (4.41).
Since (P,, )" is polynomial of degree at most N, using (4.34) we obtain

— _ 2
HA/CHCN(Bxk,p(xk) = ”D(pﬂ?k) 1HC'N(B$I€,P(9%)) < ”(ka) 1||CN (B zk,p(zK)) < 62(37)6]\[ k:a‘
Finally, since y(t) = (MY, + Re1)(Fur (1) = t" € Buy\yp(aryy) Dy (4:43), the first
term in (4.44) can be estimated using Lemma 4.5 and equation (4.35)

1A lon iz < N(Pa) ™ o Bappe - 1Y OlEN o, <

N
< () e (IHY, + Bt lom o, - 1P O, ) <
< Cg(l‘) eN ke (2’)/6 (k+1)s)N . (K($)O($>6(2k+1)6)N2 < C4($) ’YN . e(NL+3N2)(k+1)€‘

since we have ||R||¢ < v and H2 ., term is estimated similarly from (4.38). Thus we
obtain the following for the norm of Ji in (4.45).

H*JkH < 05(1,) ’}/N . e(NL+3N2) (k+1)e Ht“1+a HSHC L(k+1)e _N(2k+1)e

(4.46)
< c5(x) YNy eMHLEHDE [t)S - |S]|lcs, where M = NL + 3N2 +2N.
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For the first term in (4.45) we claim that for ¢ = y(t)

(4.47) 18 (Pa) ™ Nl < €790,
Indeed, we recall that

1) — _
||D( ( Z'k) 1||Ik<—$k+1 || ka1||$k<—$k+1 SG X1+€‘

If d =1 then DU (P,,) is constant and (4.47) follows. If d > 2 then N > 2 and the
Lipschitz constant of DM (P,,)~" is at most cy(z)e’N"* by (4.34). So using (4.43) we
obtain
— 1 _ 2ke
103 (Pr) ™ = DF (o) amrs < eafa)e™™ -Ht”nml <

< CQ(x)eN ke 2yr e~ L(k+1)e < ¢ (3:)2,)/?” e(N —L)(k+1)e ( yr

)2
where the last two inequalities hold since N? < L and r < ¢/ (202( )Y) b (4 40). Then
(4.47) follows from e ™X17¢ 4 ¢ < e X1FE(1 4 ¢) < e X1 T2,

Now we estimate the main term in (4.45) using (4.47) and (4.41):
1D3 (Pay)™ 0 DY S 0 DI Foy e <
(448) < 1D (Po) " lawess - ID™ Ststllonyra 115, - IDFFalI e, <

< e S en et D - a3 N2 = TR S fea et

where v = —(N 4+ a)x¢+x1 > 0and L' =2+ L+ 2(N + «). Since € < g9 < v/(2L)
by the choice of &y, we obtain that e +F'e < e=#/2 =1 — 26 by (4.39).

Finally we estimate (4.45) combining (4.46) and (4.48). For any R € B*(7y) we have
1D ((DRT]S)kllay e < IES, - [1Slles - €5 (1= 20 + cs(a)yVrpeMHIEFD=EDZ)
Since r, = re 2NEre and 2NL > M, as L > N3 4+ 3N? + 1, we see that for all £ > 0
e ()7 N lOHDEED-LRE < (o ()N o (M=INDREMALE (o (00 N o(M+L) < g
as 1 < 0/(cs(x)yNeMFL2) by (4.40). Then for all R € B*(y) we obtain
| D (IDRT S oy < NEIS, - 1S lles - € (1= 6),  hence
| DY (IDRT#1S)e oy < (1 6) - [|Slles - €%, and 50
I DRT*)S fle= = Sup ¢ T DT () [laogia < (1= 6) - [[S]lee-

Thus | DT < 1 — 6 for all R € B*(v). Since ||T%(0)||c= < 7' = 6, the operator T*
is a contraction from B*(7) to B*(v). Thus T* has a unique fixed point R* € B*(y)
which depends measurably on x. As in the construction of Taylor coefficients, the
uniqueness implies that R, := (R*) is Le-tempered and solves the equation T(R) = R
where T is given by (4.24). We conclude that the measurable family of CN® maps
H. = HY + R,, is Le-tempered and satisfies (4.23), i.e. conjugates P, and F,. Then
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the maps H, defined on B, ,(,) can be uniquely extended to CNe diffeomorphisms on
Bg o) by the invariance

Ha(t) = (P) ™" o Hpe, 0 Fi(1)
since for each ¢t € B, ,(;) we have FF¥(t) € By, ,, for some k. Indeed, F%(t) is contracted

by Lemma 4.1(5) at a faster rate than r; by the choice (4.4) of eg: x¢ + 26 < —2N Le.
This completes the proof of the first part of the theorem.

4.3. Prove of part (2): “uniqueness” of 7. This essentially follows from the
“uniqueness” of the construction. Starting with H; = H we inductively construct
coordinate changes Hy = {Hy.} for k = 1,..., N and show that they satisfy the same
temperedness condition as H. We denote their Taylor series by

Hiolt) =D H,gff,g (t).
n=1

The base of the induction is H; = H, which is tempered by the assumption and whose

linear term satisfies H 1(13 =g =1d. Suppose Hy_1, k > 2, is constructed so that

H,Si)l,x are n’e-tempered forn =1,..., N, H™ = ngi)l,x forn=1,..,k—1,

and the corresponding normal form Pj_; , is of sub-resonance type. It follows that P
and Pj_1 have the same terms up to order k—1. Hence H ng_)lx and H. ;S;k) satisfy the same

equation (4.13) when projected to the factor-bundle R™ /S®). Indeed, the Q term
defined by (4.12) is composed only of F¥) and terms H® and P® with 1 <i <k — 1,
which are the same for H;_; and H. By uniqueness we obtain that

HF = H,gli)m + AP where A® € SK),

x

Then the coordinate change H;, , = (Id + A;’“)) o Hi—1, has the same Taylor terms as

‘H up to order k and, since the polynomial Id + A;k) is in G, Hj conjugates F to a

sub-resonance normal form Py, = (Id + A(’;)) 0 Pr_1. 0 (Id + Aé’“))—l. To complete

the inductive step we need to show that || H ,E"x) | is n?e-tempered. It suffices to show

this for HR(”)H where R = Hpp — Hi—1. = Ag;k) o Hy_1,,. Since A(wk) is homogeneous

of degree k, R has only homogeneous terms of degrees n = jk. We estimate them as
IRON = 1AL 0 H2 I < AP - 172

which is (k% + j2k)e-tempered by the inductive assumption and the definition of A;k).

Since j < n/2 as k > 2 we get j2k = jn < n?/2. Also, if j > 2 then k? < n?/4, and we

obtain n%e-temperedness. If j = 1, then n = k and R® = A® is also k?e-tempered.
Thus in N steps we obtain the coordinate change

Hyo = Gy oHy, where Gy = (Id+AM) o0 (Id+ AD) € GX,
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which has the same Taylor terms at 0 as H up to order N. In fact, for n > d we
have S = 0 and hence A™ = 0, so that Hy = H,. Now we show that H = Hu,
which also proves the last statement in part (2) of the theorem. The equality follows
from the uniqueness in the final step of the construction. Indeed, for HY given by
(4.21), both differences R = H — HY and R' = Hy — H" are fixed points of operator
T given by (4.24). Hence R = R’ by uniqueness of the fixed point in the appropriate
space C,, on which T induces a contraction. To ensure that the sequence (R;,) is

in C,, we need to estimate temperedness of a-Holder constant at 0 for H%V). As
above one can see that all terms in the polynomial G, are N2e-tempered. Then using
Lemma 4.5 and the assumption on H we obtain that | Hy.|/cv.e is Le-tempered for
L= (N?+NL) < (N +1)L and hence (R, ) is in C,, with L in place of L. Since the
proof of part (1) is for any L > L(N,«), we conclude that T induces a contraction in
such C,, provided that € < &1 = g9/(N + 1), which is less than ey with L in pace of L
in (4.4). Thus R = R’ and hence H = Hy.

4.4. Proof of Corollary 2.4. By part (2) of Theorem 2.3, if we fix a choice of Taylor
polynomials of degree d for H,, then the family H, is unique. Then for each N > d
we can do the construction in part (1) with this fixed choice of Taylor polynomials
and obtain the family of CV diffeomorphisms H,. By uniqueness, all these families
coincide and hence H, are C'*° diffeomorphisms.

4.5. Proof of part (3): Centralizer of H. First we prove that the derivative of G
at zero section, I', = DyG,, is sub-resonance. Since I', is linear, this is equivalent to
the fact that I', preserves the fast flag associated with the Lyapunov splitting

(4.49) El=VicVic..cV.=¢&, where Vi=Ea. - -a&.

Suppose to the contrary that for some x € A and some i < j we have a vector ¢ in &¢
such that ¢’ = I',(¢) has nonzero component ¢} in £J,. Then

I(F2 0 Do) (8) [l rge > 1 ()| prge > €% 18] g
and on the other hand
I(Fg o L) () prge = 1T pra (B )llggra < T prallgpracpra - €Tt < Celit3m,

which is impossible for large n since € is small. Here we used the fact that the C™N:®
norm ||G;||cn.a . on &, is 2e-tempered with respect to the Lyapunov metric (3.2) for F.
This follows as in (4.19) since ||G,||c~.« in standard norm is e-tempered by assumption.

We conclude that I';, is sub-resonance for each € A. Now we consider a new family
of coordinate changes

H,=T,'oHy 08,
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which also satisfies H,(0) = 0 and DyH, = Id. A direct calculation shows that
HiooFooHy' = Tl oMpgeoGrroFo0G o o, =
=} oMo FpeoMy oly =T 0Py ol = P,

where P, is a sub-resonance polynomial as a composition of sub-resonance polynomials.
Now we would like to to apply the uniqueness part of the theorem, which would give
H, = G,H, for some tempered function G, € Gy. Then it follows from the definition
of 7:1,90 that
Hyw©0Go =Ty 0o Hy = (,G,) o M,

so that Hg, 0G, oMt = I',G,, which is again a sub-resonance polynomial, as claimed.

To complete the proof it remains to show that H, is suitably tempered to obtain
uniqueness. The n'* Taylor term ot 0, H{"”, is the sum of the terms of the form

F;l o Hg’fc) o Qg(cj ) with n = k7, whose Lyapunov norms as we can estimate as before

Tz 0 He? 0 G Nloe < T3 g - 1M lgwego - 1G5

gxé—x*

Thus we obtain that H™ is me-tempered with m < 2 + k% + 2k < 3n? for n > 2.
Since ||H||cn.a is Le-tempered, using Lemma 4.6 with @ = H and F = G we obtain
that |H 0 G||cv.e is (L +2(N 4 a))e-tempered. Then Lemma 4.5 implies that ||H||cv.e
is (2 + L + 2(N + «a))e-tempered and hence 3Le-tempered since L > N + 2. So the
uniqueness result in part (2) of the theorem applies for € < e, =¢1/3 = ¢¢/3(N + 1).

This completes the proof of Theorem 2.3. U

5. PROOF OF THEOREM 2.5

5.1. Proof of (i), (ii), (iii), (v). We will apply Theorem 2.3. First we note that the
integrability condition for the derivative in Theorem 2.3 was used in the proof only to
obtain the Lyapunov splitting and the Lyapunov metric. So while the restriction D f|¢
may not satisfy this integrability condition, the Lyapunov splitting and the Lyapunov
metric are obtained in this case from the results for the full differential Df.

The centralizer part (v) will follow directly from part (3) of Theorem 2.3 since
X" =,z 9"(X) is the desired invariant set of full measure as g preserves the measure
class of u. Moreover, g(W,) = W,, since g is a diffeomorphism commuting with f, so
that X’ is also saturated by the stable manifolds.

Parts (i), (ii), (iii) essentially follow from Theorem 2.3, which is formulated so as
to apply to this setting. First we consider the regular set A for (Df, ). We fix a
family of local (strong) stable manifolds W, ;. for x € A of sufficiently small size
r(x). Identifying W, () by an exponential map with a neighborhood of 0 in &, we
obtain the extension F = {F,} of f. Then the properties of local stable manifolds
ensure that F satisfies the assumptions of Theorem 2.3. Indeed, they are given by
CNe embeddings so that the C™* norm and 1/r(z) are e-tempered for any ¢ > 0 (see
[BP] for a general reference and [KtR15, Theorem 5] for a convenient statement of the
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stable manifold theorem). Hence Theorem 2.3 yields existence of the desired family of
local diffeomorphisms H,, x € A, which can be uniquely extended by invariance

Ha(t) = (P) ™" o Hpey 0 fH(1)

to the global stable leaf W,, which consists of those t € M for which f*# is in the local
stable leaf of f*z for some k. Now we define X = |J, ., W, and explain the construction
of H, for any y € X. By iterating it forward we may assume that y € W, ;). While
the 1nd1v1dua1 Lyapunov spaces £’ may not be defined for all points y € W, (), the flag
V of fast subspaces (4.49) is defined for each &, = T, W, ,(y), moreover, the subspaces
V;' depend Hélder continuously, and in fact CV 1% on y along W, [R79, Theorem 6.3].

The key observation is that the notion of sub-resonance polynomial depends only on
the fast flag V [KS16, Proposition 3.2], not on the individual Lyapunov spaces £, and
thus is well-defined for &,. Then the sub-bundle & (") of sub-resonance polynomials of
degree n is well-defined, invariant under D f, and Holder continuous in y along W, and
hence so is the factor bundle R ™ /S (") Then for each y € Wer@) we can define H,
using the construction in Theorem 2.3. Indeed, first we constructed the Taylor term
of degree n using the contraction ® on the bundle R /S™ from Lemma 4.4 with
linear part estimated as ||®,(R)|.. < e’ Ve ||R||. ;.. Then ®,, the corresponding
map at y, is Holder close to ®,. We note that since W, ,(,) are CN * embedded, the
derivatives Fy(”) = D(()”)]-"y of all orders n < N depend a-Holder continuously on y in
War(@)- In fact, the linear operator ®, depends only on the first derivative. Using the
Lyapunov norm at x as the reference norm, we obtain that ®, is also a contraction
with similar estimate for all y € W, () provided that r(z) is sufficiently small. Since
fry € Wikar(shey by the contraction property of W, ., the closeness persists along
the forward trajectory. This argument is similar to the proof of Lemma 4.1. Then we
obtain that the operator (fy on the sequence space is also a contraction. Thus we can

define 7—13(,”) as before using the unique fixed point in the space of sequences. The last
step of the construction can be carried out similarly as it involves only the estimates of
the derivatives on the full space £ and does not depend on the splitting. This completes
the proof of (i), (ii), (iii).

Remark 5.1. Any measurable choice of transversals £ to V=1 inside Vi, i = 2, ..., ,
yields a transversal N to S™ inside R(™. The latter gives a preferred choice of the
lift. The fixed point of the contraction 723(,") depends Hélder continuously (and even
smoothly by appropriate C" section theorem as in [KS16]) on y along W, ,(,) if the same
holds for the data Q obtained in the previous step of the construction. To complete the
inductive step we need a Holder lift ”Hg(,”) to R(™. If there is a consistent choice which
is Holder on the full leaves of W, then we can obtain a family {#,} which is Holder
along the leaves of W. In contrast to the uniform setting of [KS16], it is not clear
that such a choice exists. However, this can be done locally on W, ;). Therefore, one



NORMAL FORMS FOR NON-UNIFORM CONTRACTIONS 24

can fix a Ledrappier-Young partition subordinate to the leaves of W [LY85, Definition
1.4.1 and Lemma 3.1.1] and obtain Holder continuity of #, on each element.

5.2. Consistency of the fast foliations. The leaf IV, is subfoliated by unique folia-
tions U* tangent to Vf. We denote by WF the corresponding foliations of &, obtained
by the identification H, : W, — &,. Thus we obtain the foliations W* of £ which
are invariant under the polynomial extension P. Since the maps H, are diffeomor-
phisms, WF are also the unique fast foliations with the same contraction rates. They
are characterized by

_ 1
for y,z €&, z€WFk(y) ifand only if lim —logdist(P"(y), P™(2)) < Xrt1-

n—oo M

It follows from Definition 2.2 that sub-resonance polynomials R € S, , are block
triangular in the sense that £ component does not depend on £ components for j < i
or, equivalently, it maps the subspaces V. of the fast flag in &, to those in &,.

It is easy to see that all derivatives of a sub-resonance polynomial are sub-resonance
polynomials. In particular, the derivative D, P, at any point y € &, is sub-resonance
and hence is block triangular. Thus it maps subspaces parallel to V¥ to subspaces
parallel to V]’fw. Hence the foliation of £ by subspaces parallel to V¥ in &, is invariant

under the extension P and hence coincides with W* by uniqueness of the fast foliation.

Remark 5.2. This implies that the fast subfoliations U* are as smooth along the leaf
W, as the diffeomorphism H, which maps them to linear subfoliations of &,.

It follows that for any x € X and any y € W, the diffeomorphism
(5.1) Goy=HyoH,': & — &,

maps the fast flag of linear foliations of &, to that of £,. In particular, the same holds
for its derivative DyG,, = D,H, : & — &, and we conclude that DyG, , is block
triangular and thus is a sub-resonance linear map.

5.3. Proof of (iv): Consistency of normal form coordinates. We need to show
that the map G,, in (5.1) is a sub-resonance polynomial map for all + € X and
y € W,. It suffices to consider x € A and, using invariance, we may assume that
y € W, is sufficiently close to x. First we note that

Gry(0) =Hy(z) =22 €& and DyG,, = D,H,.
Since ”H]?nlx oPloH, = fr= ’H]?nly o P; o H, we obtain that

Hf”yoHﬁxOPg:Hf"yoanHf ngoHyngl and hence

(52) gfnm’f’ny © P;L - P;L ° gmuy'
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Now we consider the Taylor polynomial for G, , : &, — &, at t =0 € &,

Guy(t) ~ :E—i—ZG

Our first goal is to show that all its terms are sub—resonance polynomials. We proved
in Section 5.2 that the first derivative G(;; = D,*H, is a sub-resonance linear map.
Inductively, we assume that Gg’;) has only sub-resonance terms for m =1,....k — 1

and show that the same holds for G;kz, Suppose for the contrary that Gikz, is not a sub-
resonance polynomial and consider order k terms in the Taylor polynomial at 0 € &£,

for (5.2). Taylor polynomial for P at 0 coincides with itself, P(t) = 3¢ P ().
We also consider the Taylor polynomial for P} at G, ,(0) =7 € &,

d
z) =T, + Z Qém)(z — ), where 7, =P, (Z).

All terms QU™ are sub-resonance as the derivatives of a sub-resonance polynomial.
Consider the Taylor polynomial for

Now we obtain from (5.2) the coincidence of the terms up to degree N in

N d d N
- () - j
o T (S0 ~ e 0l (z 40).

J=1 m=1 m=1 j=1
Since any composition of sub-resonance polynomials is again sub-resonance, the in-
ductive assumption gives that all terms of order k£ in the above equation must be
sub-resonance polynomials except for

GW o (PO1)  and QW (GM) 1))
Multiplying these terms on the left by sub-resonance linear map (Dogfnx,fny)‘l =
(DgnyHny)” " and using the fact that P = FI'= Df"|e, and
Qy) = DiPy = DpasMyny 0 F o (D;H,) !
we obtain that the following maps from &, to €4, agree modulo sub-resonance terms
((Df"fo" )" oGl ) o Fy = Fl' o ((D:H,) ™" o GY))  mod Sy no.

Since z, f"x € A and thus the spaces & and £, have Lyapunov splittings we can
decompose these polynomial maps into sub-resonance and non sub-resonance terms.
Taking non sub-resonance terms on both sides we obtain the equality

5.3 Ninyo Fl' = F'o N,
! T x
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where Ngn, and N, denote the non sub-resonance terms in (Dfanfny)il o chli)x fry

and (D, H,) ! o G% respectively. If the latter had only sub-resonance terms then so
would Gé’g, contradicting the assumption. Hence N, # 0. We decompose N, into
components N, = (N1, ..., NY) and let i be the largest index so that NI # 0, i.e. there
exists t' € &, so that 2’ = N(t') has non-zero component in &, which we denote by ;.
Then by (3.3) we obtain

(5.4) 15 0 No(t) | pre = I1EZ ()| re 2> € 2]

Now we estimate the norm of the ¢ component of the left-hand side of (5.3) at ¢'.
For each componet t; of t' we have ||F;'(t})|| fne < e”(Xﬁe)Ht;Hx'by (3.3). Let N3., be
a term of homogeneity type s = (sq, ..., $¢) in the component Nn,. Then we obtain as
in Lemma 4.2
(5.5) INFeg (F2 () Nl re < I Npoall g 12l - € 2064,

T

For non sub-resonance N*® we have y; > > s;x; and hence (5.5) decays faster than (5.4).
Since there are no sub-resonance terms in N,,, this contradicts (5.3) for large n if ¢ is
sufficiently small since ||Nyny|| n, is tempered. The latter follows from temperedness

of Ggfi)% ny and the fact that Dyn,Hn, is Holder close to the identity and so the norm
of its inverse is bounded in Lyapunov metric.

We conclude that for all x € X and y € W, the Taylor polynomial G, , of G,
contains only sub-resonance terms. Now we will show that G, . coincides with its
Taylor polynomial. Again it suffices to consider x € A and y € W, which is sufficiently
close to . In addition to (5.2) we have the same relation for their Taylor polynomials

(5.6) Gy pne 0 Py =P oGy,

Indeed, the two sides must have the same terms up to order N, but these are sub-
resonance polynomials and thus have no terms of degree higher than d < N.
Denoting A,, = Gny fny — G pny pn, we obtain from (5.2) and (5.6) that

(5.7) A, o Py =ProGy.—P;oGy,.

We denote A = G,, — Gy, : & — &, and suppose that A # 0. Let ¢ be the
largest index for which the ¢ component of A is nonzero. Then there exist arbitrarily
small ¢ € &, such that the ¢ component z; of 2 = A(#') is nonzero. Since P} is a
sub-resonance polynomial, the nonlinear terms in its ¢ component can depend only on
j components of the input with j > ¢, which are the same for G,, and G, , by the
choice of i. Thus the i component of the right side of (5.7) is F'(2}) since the linear

part of PP is F* and it preserves the Lyapunov splitting. So by (3.3) we can estimate
the right side of (5.7)

(5:8) 1Py 0 Gy = Pr 0 Gya) (¢l g = IF (2Dl re 2 "X |21 > €072
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Now we estimate the left side of (5.7). Since Gny pny is OV there exists C, ()
determined by [|Gfry fny|lon.e such that

(5.9) 1AL < Culz) - 1] ¥

for all sufficiently small ¢ € Efn,. To estimate P} we note that DyP, = F} = D I"e,
and its norm for y close to  can be estimated using Lemma 4.1(3). Then P} itself can
be estimated as in that lemma:

1Py (6] < Kerxer®|it]
for all sufficiently small ¢t € &,. Combining this with (5.9) we obtain
(Ao Py) (1) < Cula) - [Py(E)IMH < Culz) - (K[¢]) N Heen@rabatss),

This contradicts (5.7) and (5.8) for large n if ¢ is sufficiently small. Indeed (N +a)x, <
x1 while C,,(z) is tempered and the Lyapunov norm satisfies ||ul| > K (z)e™"¢||ul| fny-
Thus, A =0, i.e. the map G, , coincides with its Taylor polynomial.

This completes the proof of Theorem 2.5. U

5.4. Proof of Corollary 2.6. If d = 1 then all sub-resonance polynomials are linear,
the maps H, o H,' : & — &, are affine, and the family {#H,}.cx is unique by part
(2) of Theorem 2.3. If we identify W, with &, by H,, then H, for y € W, becomes an
affine map &, — T,&, with identity differential and H,(y) = 0. Thus it depends CV
on y as the coordinate system H, is CV. 0
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