SMOOTH LOCAL RIGIDITY FOR HYPERBOLIC TORAL
AUTOMORPHISMS
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ABSTRACT. We study the regularity of a conjugacy H between a hyperbolic toral auto-
morphism A and its smooth perturbation f. We show that if H is weakly differentiable
then it is C1HHOMer and if A is also weakly irreducible, then H is C*°. As a part of the
proof, we establish results of independent interest on Hélder continuity of a measurable
conjugacy between linear cocycles over a hyperbolic system. As a corollary, we improve
regularity of the conjugacy to C*° in prior local rigidity results.

1. INTRODUCTION AND LOCAL RIGIDITY RESULTS

Hyperbolic automorphisms of tori are the prime examples of hyperbolic systems. The
action of a matrix A € SL(N,Z) on RY induces an automorphism of the torus TV =
RY/Z" | which we denote by the same letter. An automorphism A is called hyperbolic,
or Anosov, if the matrix has no eigenvalues on the unit circle. One of the key properties
of hyperbolic systems is structural stability: any diffeomorphism f of TV sufficiently C*
close to such an A is also hyperbolic and is topologically conjugate to A [A67], that is,
there exists a homeomorphism H of T, called a conjugacy, such that

(1.1) AoH =Hof.

Any two conjugacies differ by an affine automorphisms of TV commuting with A [WaT70],
and hence have the same regularity. Although H is always bi-Holder continuous, it is
usually not even C*, as there are various obstructions to smoothness. This is in sharp
contrast with rigidity for actions of larger groups, where often any perturbation, or even
any smooth action, is C'*° conjugate to the algebraic model.

In the classical case of a single system, the problem of establishing smoothness of the
conjugacy H from some weaker assumptions has been extensively studied. It is often
described as rigidity, in the sense that weak equivalence implies strong equivalence.

In dimension two, definitive results were obtained in [dIL87, [dILMS8S8| [dIL92]. For hy-
perbolic automorphisms of T2, and more generally for Anosov diffeomorphisms of T2,
C> smoothness of the conjugacy was obtained from absolute continuity of H and from
equality of Lyapunov exponents of A and f at the periodic points.
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The case of higher dimensional systems is much more complicated. In particular, the
problem of exact level of regularity of H is subtle: for any £ € N and any N > 4 there
exists a reducible hyperbolic automorphism A of TV and its analytic perturbation f such
that the conjugacy H is C* but is not C**1 [dIL92]. We recall that A is reducible if it has
a nontrivial rational invariant subspace or, equivalently, if its characteristic polynomial is
reducible over Q.

The two-dimensional results were extended in two directions. First, C*° conjugacy
was obtained for systems that are conformal on full stable and unstable subspaces under
various periodic data assumptions which ensured that the perturbed system is also con-
formal [dIL02, [KS03), [dILO4, [KS09]. Second, for some classes of irreducible A, equality
of Lyapunov exponents or similarity of the periodic data were shown to imply C''*+Holder
smoothness of H [GGO8, [GO8|, [GKSTI], SaYl, [GKS20l, [dW21]. Irreducibility of A is nec-
essary for these results [dIL92] [dIL02 [GO8]. Low smoothness of H is due to the method
of the proof, which establishes regularity of H along natural one or two dimensional f-
invariant foliations of TV, whose leaves are typically only C'tHélder gmooth. Therefore,
different methods are needed to prove higher regularity of H. Outside of the conformal
setting, the only result on C'*° smoothness was obtained for automorphisms of T? in [G17].

In this paper we establish general results on bootstrap of regularity of the conjugacy
H. We show that for any hyperbolic automorphism A, if H is weakly differentiable in a
certain sense then it is C1+H0der and if in addition A is weakly irreducible, then H is C*°.
As a corollary, we improve the regularity of H from C1+H8Mder to (°° in the previous local
rigidity results for the irreducible case.

Now we formulate our main results. We denote by W14(T") the Sobolev space of
L7 functions with L? weak partial derivatives of first order. The first result holds for an
arbitrary hyperbolic automorphism without any irreducibility assumption. We recall that
while H satisfying is not unique, there is a unique conjugacy C° close to the identity.
This is H in the homotopy class of the identity with H(p) = 0, where p is the fixed point
of f closest to 0.

Theorem 1.1. Let A be a hyperbolic automorphism of TN and let f be a C1HH0ler diffeo-
morphism of TN which is C' close to A. Suppose that for some conjugacy H between f and
A, either H or H™* is in WY4(TY) with ¢ > N. Then H is a CTH4er diffeomorphism.

More precisely, there is a constant By = Po(A), 0 < By < 1, so that for any 0 < ' < [y
there exist constants 6 > 0 and K > 0 such that for any 0 < 5 < ' the following holds.

For any CY*P diffeomorphism f with ||f — A|lcr < 6, if some conjugacy between A and
f, orits inverse, is in W4(TN), ¢ > N, then any conjugacy is a C**° diffeomorphism.
Moreover, for the conjugacy H that is C° close to the identity,

(1.2) IH = g < K| f — Allgres.

Remark 1.2. The assumption of being in W'¢ with ¢ > N in this and in the next
theorem can be replaced with a slightly weaker one that we actually need for the proof:
either H~! is in W1! and its Jacoby matrix of partial derivatives is invertible and gives
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the differential of H~! for Lebesgue almost every point of TV, or the same holds for H
and f preserves an absolutely continuous probability measure.

In the next theorem we obtain C'° smoothness of the conjugacy assuming that A is
weakly irreducible, which is defined as follows. Let RV = &, E' be the splitting where E*
is the sum of generalized eigenspaces of A corresponding to the eigenvalues of modulus p;,
and let B = ®p,2p, 7. We say that A is weakly irreducible if each E' contains no nonzero
elements of Z". This condition is weaker than irreducibility, see Section for details.

Theorem 1.3. Let A be a weakly irreducible hyperbolic automorphism of TV . Then there
is a constant { = ((A) € N so that for any C> diffeomorphism f which is C* close to
A the following holds. If for some conjugacy H between f and A either H or H™' is in
the Sobolev space WHI(TN) with ¢ > N, then any conjugacy between [ and A is a C*
diffeomorphism.

The constant ¢ = ¢(A) is chosen sufficiently large to satisfy the inequalities (8.16]).

Applying Theorem we improve the regularity of the conjugacy from CltHoMder tq
C* in the strongest local rigidity results for irreducible toral setting [GKS1I [GKS20]:

Corollary 1.4. Let A : TN — T be an irreducible Anosov automorphism such that no
three of its eigenvalues have the same modulus. Let f be a C* diffeomorphism which is
C*-close to A such that the derivative D, f™ is conjugate to A™ whenever p = f"(p). Then
f is C* conjugate to A.

Corollary 1.5. Let A : TV — TV be an irreducible Anosov automorphism such that no
three of its eigenvalues have the same modulus and there are no pairs of eigenvalues of the
form X\, =X or i\, —i\, where A € R. Let f be a volume-preserving C* diffeomorphism of
TN sufficiently C*-close to A. If the Lyapunov exponents of f with respect to the volume
are the same as the Lyapunov exponents of A, then f is C* conjugate to A.

To prove Theorem [I.1} we first establish results of independent interest on Holder
continuity of a measurable conjugacy between linear cocycles over a hyperbolic system.
These results are formulated and discussed in Section 2l In the proof of the theorem we
apply them to the conjugacy DH between the derivative cocycles Df and A. We note,
however, that existence of some continuous conjugacy between the derivative cocycles D f
and A does not imply in general that H is C*.

Theorem is used as the first step in the proof of Theorem to obtain C*+#
regularity of H. Then to establish its C'> smoothness we use an iterative method which
is somewhat similar to the traditional KAM scheme. However, KAM is primarily used for
elliptic systems and not for hyperbolic ones. Closest to our setting, KAM techniques were
used in [DKE10] to prove C™ local rigidity for some Z? actions by partially hyperbolic toral
automorphisms. The main ingredient in the iterative step is obtaining a C'*° approximate
solution for the linearized conjugacy equation. In [DKt10] the higher rank action was
used in an essential way to construct such a solution. In our case these methods do not
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apply, and instead the argument relies on existence of C'*# conjugacy with estimate .
This, however, gives us only low regularity data, from which we need to construct a C*°
approximate solution and obtain suitable estimates. This is done in Section [7| and is one
of the key new ingredients, see remarks after Theorem for details. Also, in contrast
to the higher rank case in [DKt10], the estimate we obtain for the approximate solution
is not tame. This creates problems in establishing convergence of the iterative procedure,
which we overcome in Section ]l

The paper is structured as follows. In Section [2| we formulate our results on continuity
of a measurable conjugacy between linear cocycles over a hyperbolic system, Theorems
and These theorems are proved in Sections [4] and [f] respectively. In Section [ we
summarize basic notations and facts used throughout the paper. In Section [6] we prove
Theorem In Section [7] we obtain a result on solving a twisted cohomological equation
over A, and in Section [§ we complete the proof of Theorem [I.3]

2. RESULTS ON CONTINUITY OF CONJUGACY BETWEEN LINEAR COCYCLES

In this section we consider linear cocycles over a transitive Anosov diffeomorphism f
of a compact connected manifold M. We recall that f is Anosov if there exist a splitting
of the tangent bundle 7'M into a direct sum of two D f-invariant continuous subbundles
E* and E*, a Riemannian metric on M, and continuous functions v and # such that

(2.1) IDfa(v)l <wl(x) <1 <o(z) <|[Dfe(vY)]
for any € M and any unit vectors v* € E*(z) and v* € E%(z). The diffeomorphism
is transitive if there is a point x € M with dense orbit. All known examples satisfy this
property.
Let A be a map from M to GL(N,R). The GL(N,R)-valued cocycle over f generated
by A is the map A: X xZ — GL(N,R) defined by A(z,0) =1Id and for n € N,
A(z,n) = AL = A(f" ') o 0 A(z) and A(z,—n)= A" = (A}.,) "

We say that a GL(d, R)-valued cocycle A is 5-Holder continuous if there exists a con-
stant ¢ such that
d(A,, A,) < cdist(z,y)? for all z,y € M,
where the metric d on GL(N,R) is given by

d(A,B)=||[A=B| +||A~' = B7'||, where |.]| is the operator norm.

More generally, we consider linear cocycles defined as follows. Let P : E — M be a
finite dimensional S-Holder vector bundle over M. A continuous linear cocycle over f is
a homeomorphism A : E — FE such that

PoA=foP and A,:E, — Ey, is a linear isomorphism for each z € M.

The linear cocycle A is called g-Holder if A, depends S-Holder on x, with proper identifi-
cation of fibers at nearby points. A detailed description of this setting is given in Section
2.2 of [KS13].
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The differential of f and its restrictions to invariant sub-bundles of T'M, such as Es
and E*, are prime examples of linear cocycles.

We say that a S-Holder cocycle A over an Anosov diffeomorphism f is fiber bunched if
there exist numbers # < 1 and ¢ such that for all x € M and n € N,

(2.2) IAZI - 1ADDM ()7 < e and AT - (AT M (9,77 < o,
where v =v(f"'z)---v(z) and ;" = (0(f"x))"t - (0(f )7L

Let p be an ergodic f-invariant measure on M. We denote by A\, (A, 1) and A_(A, u)
the largest and smallest Lyapunov exponents of A with respect to u given by the Oseledets
Multiplicative Ergodic Theorem. For p almost all € M, they equal the limits

(23) () = lim n I flA2] and (A, ) = lim notIn]|(AD) )

We say that a cocycle A has one exponent if for every f-periodic point p the invariant
measure j, on its orbit satisfies A\ (A, p,) = A_(A, ). By Theorem 1.4 in [K11], this
condition is equivalent to

A (A ) = A_(A,p) for every ergodic f-invariant measure.

We note that if A has one exponent, then it is fiber bunched [S15, Corollary 4.2].

For GL(N,R) cocycles A and B over f, a (measurable or continuous) function C : M —

GL(N,R) such that

A, =C(fr)B,C(z)™! forall z € M
is called a (measurable or continuous) conjugacy or transfer map between A and B. For
linear cocycles A, B : E — E a conjugacy is defined similarly with C(z) € GL(E,).

The question whether a measurable conjugacy between two cocycles is continuous has
been studied in [PaP97, [Pa99, [Sch99, [S13| [S15]. An example in [PWO01] shows that a
measurable conjugacy between two fiber bunched GL(2,R)-valued cocycles is not neces-
sarily continuous, moreover, the generators of the cocycles in this example can be chosen
arbitrarily close to the identity. Continuity of a measurable conjugacy was proven for
cocycles with values in a compact group [PaP97, [Pa99] and, somewhat more generally for
cocycles with bounded distortion [Sch99], for GL(2, R)-valued cocycles with one exponent
[S13], and for GL(N, R)-valued cocycles such that one is fiber bunched and the other one
is uniformly quasiconformal [S15]. The result in [S13] relied on two-dimensionality, and
the uniform quasiconformality assumption in [S15] is much stronger than having one ex-
ponent. The next theorem establishes continuity of a measurable conjugacy between a
fiber bunched cocycle and a cocycle with one exponent.

Theorem 2.1. Let f be a transitive C'THe Anosov diffeomorphism of a compact man-
ifold M, and let A and B be B-Hélder linear cocycles over f. Suppose that A has one
exponent and B is fiber bunched.

Let v be an ergodic f-invariant measure on M with full support and local product
structure. Then any p-measurable conjugacy between A and B is B-Hélder continuous,
i.€., coincides with a B-Holder continuous conjugacy on a set of full measure.
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As we mentioned above, continuity of a measurable conjugacy does not hold in general
if A has more than one exponent, however, we prove it in a special case of a constant A.
Moreover, we obtain an estimate of the S-Holder constant K3(C) of the conjugacy C in
terms of the S-Holder constant of B.

Theorem 2.2. Let f and p be as in Theorem[2.1], and let A is be a constant GL(N,R)-
valued cocycle over f. Then for any Hélder continuous GL(N,R)-valued cocycle B suffi-
ciently C° close to A, any p-measurable conjugacy between A and B is Holder continuous.

More specifically, there exists a constant Bo(A, f) so that the following holds. For any
0< b <Bo(A,f) thereisd >0 and k > 0 such that for any 0 < 8 < B" and any S-Hélder
GL(N,R)-valued cocycle B over f with ||B, — Al|lco < §, any p-measurable conjugacy C
between A and B is B-Holder and its f-Hdélder constant satisfies

(2.4) Eg(C) < k|Clloo K(B)  and  Ks(C™') < k|[C7[co Ks(B).
The constant 5y(A, f) is explicitly given by (5.4) in Section 5.

3. BASIC NOTATIONS AND FACTS

3.1. Norms and Hdlder constants. For r € NU {0} we use |||~ for the C" norm of
functions with continuous derivatives up to order r on TV.

For a [-Holder function g, 0 < f < 1, we denote its -Hoélder constant, or Hoélder
seminorm, by

K5(g) = |lgllcos & sup {|g(z) — g(y)|d(z, )™ : 24y e TV} < oo

We denote by C# or C'*7 the space of functions with S-Hoélder first derivative with norm
def
[fllci+s = [[fller + Ka(Df).

3.2. Invariant subspaces. For A € GL(N,R) let p; < --- < pr, be the distinct moduli
of its eigenvalues and let

(3.1) RN=F'g...¢ E"

be the corresponding A-invariant splitting, where E° is the direct sum of generalized
eigenspaces corresponding to the eigenvalues with modulus p;. We also denote

32 EY¥e,.,F,  A=Ag:E —E, ad N =dimE.

For the Euclidean norm on RY there is a constant K 4 such that for each i we have
(3.3) AT < Kap!" (Im] + )Y for all m € Z.

Also, for any € > 0 there is an “adapted” inner product on R™ such that the direct sum
@FE" is orthogonal and for each 1 <i¢ < L,

(3.4) (pi — €)™ < ||ATu|| < (p; + €)™ for any unit vector u € E* and any m € Z.



LOCAL RIGIDITY 7

If A is hyperbolic then p;, <1 < p;,41 for some 1 <14y < L, and we define the stable and
unstable subspaces of A as

e B and B g, B

3.3. Weak irreducibility. Recall that GL(N,Z) denotes the integer matrices with de-
terminant +1. We say that A € GL(N,Z) is weakly irreducible if each E' contains no
nonzero elements of Z~. Irreducibility over Q implies weak irreducibility. Indeed, if there
is a nonzero integer point n € E¢ then span{A™n : m € Z} C E' is a nontrivial ratio-
nal invariant subspace. In fact, weak irreducibility is determined by the characteristic
polynomial of A as follows.

Lemma 3.1. A matric A € GL(N,Z) is weakly irreducible if and only if there is a set
A C R so that for each irreducible over Q factor of the characteristic polynomial of A the
set of moduli of its roots equals A.

Proof. Let A € GL(N,Z), let p4 be its characteristic polynomial, and let ps = [TX_, pp*
be its prime decomposition over Q. Then we have the corresponding splitting RY = @V},
into rational A-invariant subspaces Vi, = kerp,*(A). We also have the (non-rational)
A-invariant splitting (3.1)), and we set A = {p1,...,pr}. We will show that A is weakly
irreducible if and only if A is the set of moduli of the roots for each py.

If for some p; € A and k € {1,..., K} no root of the irreducible polynomial pj;, has
modulus p;, then V, C E'. Hence A is not weakly irreducible as Vj, is a rational subspace
and hence it contains nonzero points of Z".

Conversely, suppose each p; has A as the set of moduli of its roots. Suppose that for
some i there is 0 # n € (ZN N E'). Then for some k its projection ny, to Vj is a nonzero
rational vector. We note that ny, € E* as £ = @,(E' N V;). Then

W = span{A™ny : m € Z}
is a rational A-invariant subspace contained in E'NV,.. Then the characteristic polynomial

of Alw is a power of py and hence W contains an eigenvector with eigenvalue of modulus
pi € A. Thus W N E* # 0, contradicting W C E*. Thus A is weakly irreducible. OJ

It follows from the lemma that if A is irreducible or weakly irreducible then the following
matrices are weakly irreducible

A0 d A 1
0o 4a) ™ 0 A)
These matrices not irreducible and the latter is not diagonalizable.

4. PROOF OF THEOREM 211

Let f be a transitive C'*H54er Anosov diffeomorphism of a compact manifold M, let
E be a g-Holder vector bundle over M, and let F : E — E be a S-Holder linear cocycle
over f.
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In Section we recall the definition and properties of holonomies for linear cocycles,
in Section [4.2| we prove a preliminary results on twisted cocycles, and in Section [4.3| we
give a proof of Theorem [2.1]

4.1. Holonomies of fiber bunched linear cocycles. The notion of holonomies for
linear cocycle was introduced in [BV04, VO8] Existence of holonomies was proved in
[VO8, [ASV13] under a stronger “one-step” fiber bunching condition and then extended to
bundle setting and weaker fiber bunching in [KS13| [S15].

Proposition 4.1. Let F be a B-Hélder fiber bunched linear cocycle over (M, f). Then
for every x € M and y € W*(x) the limit

(4.1) e, =Ml = lim (F')~ o FP,

n=r00
called the stable holonomy, exists and satisfies
(H1)
(H2) H,
(H3) Hi, = (F)) "o Hny 0 Fit for alln € N;
(H4) |H5,, — Id|| < ¢ - d(x,y)?, where ¢ is independent of x and y € Wi (x).

H: . s an invertible linear map from E, to E,;

€,y
=1Id and H oM, ,=H; ., and hence (M) =H;

T,z Y,

4.2. Twisted cocycles. In this section we study the coboundary equation over f twisted
by a -Holder linear cocycle F : E — E. We will use its main result, Proposition [£.3], in
the inductive process in the proof of Theorem

Let ¢,n: M — FE be sections of the bundle £ over M. We consider the equation
(42)  n(x) = o) + (Fo) " (n(fz)) equivalently (z) = n(z) — (F) " (n(fz)).
Iterating and denoting F! = Fpn-1,0---0Fp0F, 1 By — Eyn, we obtain

n(x) = o(x) + (Fo) " (n(fr)) = ¢(x) + (Fa) 7 o (fr) + Fra(n(fz))] = ...
= o(x) + (Fo) " (@(fa) + -+ (F2 7)o" @) + (Fpnmra) ™ (n(f"2)).
Thus
(4.3) n(z) = ®"(z) + (Fpa-1.)  (n(f"x)), where

" (1) = ¢(x) + (Fo) T (0(fx)) + -+ (F )T/ w)) € B
We say that F is uniformly bounded if there exists K such that |F)}|| < K for all
xr € M and n € Z. A p-Holder bounded cocycle is fiber-bunched and hence it has stable
holonomies H; , : B, — E, where y € W*(z).

Lemma 4.2. Suppose that ¢ is a B-Holder section and that F is a uniformly bounded
B-Hdélder cocycle. Then for any x € M and y € W¥(z) the following limit exists

o0

;= Jim (O"(2) = H;,@"(y) = D [(F) " (8(f*x)) — H; o (F) T (6(f*y)) ]

n—00
k=0
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and satisfies |5 || < K'd(z,y)° with uniform K' for all x € M and y € W (x).

The result holds if instead of being uniformly bounded F satisfies the following. There
exist numbers 6§ < 1 and L such that for all x € M and n € N,

I(F) M- () < Lo,
Proof. For all x € M and y € Wi, () we have d(f*z, fFy) < vFd(x,y). As ¢ is 3-Holder

we obtain
lo(f*2) — o(fey)|l < Ki(vyd(z,y))”,
and since Hjy, +, is S-Holder close to identity by (#4), we have
lo(f*2) = Hiey prod(fry)ll < Ka(vy d(z,y))".

By uniformly boundedness of F we have ||(F*)7!|| < K, and by continuity of ¢ we
have sup, ||¢(z)]| < K3. Therefore,

n—1
() = Hy 2" (y) = Y (F) T (0(fM ) = (Hy o 0 (Fy) ™" 0 Hiey pry) My prad(F7Y)
k=0
Since H5 , o (Fy) 'o Hing gy = (FF)~1 by (H3), the k™ term in the sum equals

(FD)Ho(fF)) = (F) ey prad(fF9) = (F) " o(f*2) = Hiny et (fFy)],
and we estimate
I(F) T o(fFx) = Hiny a8 ON < NFD)TH - No(fF2) = Hiny prpd(Foy)ll <
I(FH 7 - K d(x,y))? < KKy 6%d(z,y)?  for some 6 < 1.

Hence the series converges and

n—1
127 (x) = H; 2" ()| < > KK 0"d(w,y)” < K'd(z,y)”,
k=0
so the limit ®3  satisfies | @5 || < K'd(z,y)". 0
Proposition 4.3. Let F be a 5-Hélder uniformly bounded cocycle over an Anosov dif-
feomorphism f (or a hyperbolic system). Let yn be an ergodic f-invariant measure on M
with full support and local product structure.

Let ¢ : M — E be a 3-Holder section, and let n : M — E be a p-measurable section
satisfying (4.2)). Then n is B-Hdlder and

n(x) =M, n(y) +&,, foralzrecX andyc W (z).
Proof. Let x € M and y € W#(x). Using equation (4.3) for n(z) and n(y) we obtain
where

Ay = (Fprmra) " (0(f")) = Hy o (Fpnmry) ™ (7))
By Lemma , (@™(x) —H; ,P"(y)) converges to P .
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Now we show that ||A,| — 0 along a subsequence for all z,y in a set of full measure.
First we note that by property (H3) we have H; (Fpn-1,)"" = (Fpn-12)"" © Hiny oy
Hence

An = ('Ff"’11’>_1 (n(fnx) - H?”y,f"z(n(fny))) = (‘Ff"’1$)_1(A'In)7

where A}, = n(f"x) — Hjn, 2, (n(f"y)). By uniform boundedness of F we obtain
1ALl < (Fpnra) M- IALIE < KA

Since the section n : M — E is p-measurable, by Lusin’s theorem there exists a compact
set S C M with u(S) > 1/2 such that n is uniformly continuous and hence bounded on
S. Let Y be the set of points in M for which the frequency of visiting S equals u(.S). By
Birkhoff Ergodic Theorem, p(Y) = 1.

If x,y € Y, there exists a subsequence n; — oo such that such that f™x, f*y € S for
all 4. Since y € W*(x), d(f™x, f*y) — 0 and hence A}, — 0 by uniform continuity and
boundedness of 7 on S and property (H4) of H®. Thus A,, — 0 and we obtain that

n(x) =H, . n(y) +®,, foralzyeY withye W (z).
Since @3 , is f-Holder on Wi .(z) by Lemma we conclude that
In(a) = 7. 0| < K'd(e,y)’  forall o,y € Y with y € W*(a).
Since H; , is S-Holder by property (H4), this means that 7 is essentially S-Holder along
Wige().
Similar arguments for y € W} (z) show that 7 is also essentially S-Holder along W} (z).

Hence 7 is S-Holder by the local product structure of o and of the stable and unstable
manifolds. O

4.3. Proof of Theorem [2.1] For convenience, by taking inverse, we will work with a
conjugacy C satisfying

(4.4) B, =C(fz) A, C(x) "

First we observe that since A\, (A, u) = A_(A, u) and B is p-measurably conjugate to A,
the following lemma implies that

)‘-l—(B’ M) = )‘—(Ba M)

Lemma 4.4. Let p be an ergodic f-invariant measure. If C is a p-measurable conjugacy
between cocycles A and B, then for u a.e. x and for each vector 0 # u € E, the forward
(resp. backward) Lyapunov exponent of u under A equals that of C,(u) under B.

Proof. We fix a set of positive measure Y C M such that for some K we have ||C,|| < K

and [|(C,)7!|| < K for all z € Y. Then we choose an f-invariant set of full measure
X C M such that for every z € X

(i) the forward and backward Lyapunov exponents under both A and B exist for each
non-zero vector v € E,, and
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(ii) the frequency of visiting Y under both forward and backward iterates of f equals
w(Y) > 0.
For every x € X, 0 # u € E,, and n € Z we have

0 [BECL ()| = n In|Cna (AL ()]

The limit of the left hand side as n — oo (resp. n — —o00) is the forward (resp. backward)
Lyapunov exponent of C,(u) under B. On the other hand, by the choice of Y, the limit
of the right hand side along a subsequence n; — oo (resp. n; — —oo) such that f"z € Y
equals the forward (resp. backward) Lyapunov exponent of u under A. O

We use the following results from [KS13]. In the three theorems below, f is a transitive
C1HHdlder Aposov diffeomorphism, A, B : E — E are $-Holder linear cocycles over f, and
1 is an ergodic f-invariant measure with full support and local product structure.

Theorem 4.5. [KS13, Theorem 3.9] Suppose that for every f-periodic point p the invari-
ant measure i, on its orbit satisfies Ay (A, ) = A_(A, pp). Then there exist a flag of
B-Holder A-invariant sub-bundles

(4.5) M=0cU'c.cU'cU"=E
and (3-Holder Riemannian metrics on the quotient bundles U /U™ i = 1,...,k, so that

for some positive 3-Holder function ¢ : M — R the quotient-cocycles induced by the
cocycle oA on U'/U™Y are isometries.

Theorem 4.6. [KS13, Theorem 3.1 and Corollary 3.8] If B is fiber bunched, then any
B-invariant p-measurable conformal structure on E coincides p-a.e. with a Hélder con-
tinuous conformal structure.

If a cocycle has more than one Lyapunov exponent, then the corresponding Lyapunov
sub-bundles are invariant and measurable, but not continuous in general. For a fiber
bunched cocycle with only one Lyapunov exponent measurable invariant sub-bundles are
continuous.

Theorem 4.7. [KS13, Theorem 3.3 and Corollary 3.8] Suppose that B is fiber bunched
and Ay (B, 1) = A_(B, ). Then any p-measurable B-invariant sub-bundle of € coincides
p-a.e. with a Holder continuous one.

We consider the flag U* for A given by Theorem Denoting U: = C(z)U: we obtain
the corresponding flag of measurable B-invariant sub-bundles

{o)=U'cuU' cu*c---cu*=E.
By Theorem we may assume that the sub-bundles U* are Holder continuous.

The conformal structure o; on E' given by the Riemannian metric in Theorem is
invariant under A. The push forward of o; by C gives a measurable B-invariant conformal
structure 7; on U, which is Holder continuous by Theorem [4.6]

Similarly, we consider Holder continuous quotient-bundles V¢ = U?/U*! and V' =
U /U over M with the quotient cocycles A® and B®. Since A% preserves a Holder
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continuous conformal structure o; on V', pushing forward by C we obtain a measurable
conformal structure 7; on U?/U*~" invariant under B®, which is Hélder continuous by
Theorem 4.6l Thus we obtain a ”similar structure” for B.

We fix a 3-Holder Riemannian metric on E. We denote by V? the orthogonal com-
plement of U1 in E;, and we denote by V' the orthogonal complement of /=1 in U,
i=1,...,k. ThusU' =V!@®.-..oViand U = V' @ .- ® V" All these sub-bundles are
Holder continuous but for ¢ > 1 they are not invariant under A and B, and C does not
necessarily map V' to V'

We denote by P/ : E — V7 the projection to the V7 component in the splitting
E=V'®- . -® V" and similarly P/ : £ = VI,

We denote the restriction of C to V' by C* and we denote by C* its j-component
CH =PioC:V'— V. Since U’ = C(x)UL, we have C* : V' — U' and thus C7 = 0 for
j > 1, that is C has an upper triangular block structure.

We also define the corresponding blocks A% : V¢ — V7 and B : V' — V7 as AV =
PJ o Alyi and similarly for B. The invariance of the flags also yields upper triangular
block structures for A and B: A = 0 = B/ for j > i.

We will show inductively that the restriction of C to U’ is Hélder continuous, i =
1,..., k. The base case i = 1 follows from the following result from [S15].

Theorem 4.8. [S15, Theorem 2.7] Let A, B : E — E be S-Holder linear cocycles over a
hyperbolic system. Suppose that A uniformly quasiconformal and B is fiber bunched. Let
i be an ergodic invariant measure with full support and local product structure. Then any
p-measurable conjugacy between A and B is B-Hoélder continuous, i.e. it coincides with a
B-Hdélder continuous conjugacy on a set of full measure.

Now we describe the inductive step. Assuming that the restriction of C to U! is
B-Holder continuous we show that so is the restriction to U?. Since U' = Vi @ U1, it
suffices to show that the restriction C* of C to V' is also B Holder continuous. We will
establish this inductively for each of its components C, j =i, ..., 1.

First we observe that C** is Holder continuous for all 1= 1, e ,k. For this we iden-
tify bundles V¢ with V' and V' with V! via the projections. Under these identifica-
tions the cocycle A“ : V¥ — V¥ corresponds to the quotient cocycle A®, the cocycle
Bb Vit — Vi corresponds to B, and the map C** corresponds to the quotient mea-
surable conjugacy C between A® and B®. Since the quotient cocycles A® and B® are
conformal, Theorem 4.8/ shows that C® is -Holder continuous, and hence so is C*%.

Now we show that C*~%* is B-Hélder assuming that C*—7* is f-Hélder for j = 0,1, ...0—1.
Using the conjugacy equation

oncac :Cfa:oAm
and equating (i — ¢, 1) components we obtain
Bi—Z,i—K o Ci—ﬁ,i Bi—é,i—@-{-l ° Ci—ﬁ+1,i 44 Bi—ﬁ,i o Ci,i

i—L4i—¢ i—0+14 i—Li—0+1 i—é-‘,—lz i—L,0 1,0
= Qi o At g Cinbin g i 4O o A
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and hence
C;—Z,i — (B;—K,i—ﬂ)—l OC};E;L o Agz + Da:
Da: — (6278,17671 o ( };5,276 o A;—@rl,z T C;C;E,zfl o Azx—l,z)_
. (Bi—é,i—f)—l o (Bi—é,i—f-i-l o C;—f—i—l,i 44 B;'U—K,i o C;,z)

We view C:=% and D, as sections of the Hélder bundle L(V V=% whose fiber at x is the
space of linear maps L(V, Vi~). Thus the last equation is of the form (4.2]) with

E=LV' V™, ¢p=D,, 1. =C75 and Fo(ns) = (B4 onp, o Al

We note that D, is S-Holder since we inductively know that all its terms are g-Holder.
Also F is a linear cocycle on the bundle L(Vi V=) over f~!, and it is B-Holder since so
are B=4=% and A%. Moreover, F is uniformly bounded since cocycles Bi=%"~* and A
are conformal and their normalizations are continuously cohomologous. The latter follows
since we know that Bi=%~f and A"~%~¢ are continuously cohomologous by C'~%*~* and
that the normalizations of all A% are given by the same function ¢! from Theorem .
Hence we can apply Proposition and conclude that C*=% is B-Holder.

The argument above applies £ = 1,...7 — 1 and we conclude that all C1%,... C% are
Holder. This proves that the restriction of C to U? is Holder and completes the inductive
step. We conclude that C is Holder, completing the proof of Theorem

5. PROOF OF THEOREM [2.2]

In this proof we will also work with a conjugacy C satisfying . First, Holder
continuity of C is deduced from Theorem as follows.

Let A € GL(N,R) be the generator of the constant cocycle A. Let p; < -+ < pp be
the distinct moduli of the eigenvalues of A and let

(5.1) RN=F'g...¢ E"

be the corresponding invariant splitting as in . In this section we will use the adapted
norm on RY for which we have estimates . They imply that for any 5 > 0 the cocycle
A; generated by A; is fiber bunched if € is sufficiently small.

Let B(z) = B, : M — GL(N,R) be the generator of the cocycle B. If B is sufficiently
C? close to A, then B has Holder continuous invariant splitting C° close to

RV=£lg...q0&k,
so that the restrictions B; = B|E® satisfy estimates similar to (3.4)
(5.2) (pi — 2€)" < ||Blu|| < (p; + 2¢)™  for any unit vector u € £".

This is well known but also follows from Lemma [5.1] which gives explicit estimates of both
Holder exponent and Holder constant. We conclude that all restrictions B; are S-Holder
and hence are fiber bunched if € is sufficiently small.
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Let C be a measurable conjugacy between A and B. We claim that C maps E° to
&', that is C,(E") = & for p a.e. x. Indeed, by Lemma [£.4] for p a.e. 2 and for each
unit vector u € E* the forward and backward Lyapunov exponent of C,(u) is In p;. This
yields that C,(u) € £, as having a non-zero component in another £/ would imply having
forward or backward Lyapunov exponent under B different from In p; if € is sufficiently
small. Then C; = C|g: is a measurable conjugacy between fiber bunched cocycles A; and
B;. By Theorem each C; is Holder for all = 1,..., L, and hence so is C.

Now we prove the more detailed statement. We denote the Lipschitz constants of f~*
and f respectively by

(5.3) ap=sup [D.f | >1 and o} = sup ||D,f[| > 1.
reM reM

For 1 <1¢ < L we define

_ In(pir1/pi) ; _ n(piv1/pi)
%= ey A In(c’;)

Y

and we choose

(5.4) Bo = Bo(A, f) =min{l, f,...,00-1, B1,-.., 0,1} > 0.

Since B is f-Holder with 5 < ' < 5y, Lemma shows that the splitting is (-
Holder and by Lemma so are all restrictions B;. Then by Theorem each restriction
C; = C|g:i is f-Holder and hence so is C. Since A; and B; are (-fiber bunched for any
sufficiently small €, [ST5] Proposition 4.5] yields that g-Holder C; intertwines their stable
holonomies, that is,

Ais Bi,s — s
(5.5) Hyi® = Ci(y) o Hoy o Ci(x) ™" for all z,y € M such that y € W*(x).

Since for the constant cocycle A; the holonomies are all identity, Hé;’s = Id, we get
Ci(x) = Ci(y) o My
Thus using Lemma [5.5| we obtain that for all y € W*(x)
ICi(z) — Ci(y)|| = [ICi(y) © (Hffg}s —1Id)[| < [|Cillco - ks KB(B) : dWS(x7y)ﬂ'
Combining these estimates for all i = 1,..., L we conclude that all y € W?*(z)
IC(2) = CW)Il < [Cllco - ka Kp(B) - dw-(a,y)".

Similarly, using the analog of Lemma for unstable holonomies, we obtain the same
estimate for y € W*(y). Then the local product structure of stable and unstable foliations
of f implies that the S-Holder constant of C can be estimated as

K5(C) < k|[Clico Kg(B).

Now, to completes the proof of the second part of the theorem, we state and prove the
lemmas used in the above argument.
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Lemma 5.1. For any 0 < ' < By there is § > 0 and ki > 0 such that for any 0 < 5 <
any B-Hélder GL(N,R) cocycle B with ||B, — Al|lco < & preserves 5-Hélder splitting
RV =¢&lq. . gk

which is C° close to E' @ --- @& EX and for each 1 < i < L the 3-Hélder constant Ks(E?)
of £ satisfies

(5.6) Kp(E') < k1 K5(B)
Proof. We deduce this lemma from the one below. We fix 1 <i < L, and let
E=F'®---®F and E=FE"@...¢LE"

Lemma, below shows that for any 5’ < (; there is 6 > 0 and k' such that for any
0 < 8 < " any cocycle B with ||B, — A||co < d preserves the bundle & close to E with
the desired estimate for S-Holder constant. Similarly, for any f' < 3} using the inverses
of A and f we obtain that B preserves a bundle &£ close to E’ with a similar estimate
for its B-Holder constant. Then for each 1 <4 < L the bundle &’ is defined as a suitable
intersection and hence is also C° close to £ and its S-Holder constant satisfies (5.6). 0O

Remark 5.2. Lemmas [5.1] and [5.3] do not rely on hyperbolicity of f and use only that it
is bi-Lipschitz.

Lemma 5.3. Let A € GL(N,R), let RN = E' @ E be an A-invariant splitting, and let
¢ =max{[|[Av[|: v € E', [l =1} = [|Alp|| and
¢ =min{[|[Av]|: v € B, [jv]| =1} = [A7 ]| 7"

Let ay = sup || DfY| > 1 be the Lipschitz constant of f~' and let ' > 0. Suppose that

1B /
&< ¢ and oy <1, thats, B < %
& Inay
Then there is § > 0 and k" such that for any 0 < < " any S-Hélder GL(N,R) cocycle
B with ||B, — Allco < § preserves a 3-Holder sub-bundle & which is C° close to E and its
B-Hélder constant Kz(E) satisfies

K4(€) < ¥ Ks(B)

Proof. The argument is similar to the Holder version the C" Section Theorem of M. Hirsch,
C. Pugh, and M. Shub (see Theorem 3.8 in [HPS77]), but we give the estimate of the
Holder constant.

We consider the space L = L(E, E’) of linear operators from F to E’ and endow it
with the standard operator norm. Since A preserves the splitting £’ @ E it induces the
graph transform action A on £ as follows: if L € £ and G € RY is its graph then A(L)
is the operator in £ whose graph is A(G). The map A is linear,

AL = Alg o Lo (Alg)™",
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so we can estimate its norm as
JA| < [|[Alp/|| - I(Alp) ' < €/ < 1.

Similarly, any linear map B € GL(N,R) sufficiently close to A induces in the same way
the graph transform map B on a unit ball El in £. Moreover, B is a contraction of £;
with Lipschitz constant K (B) close to K(A) = £ /¢ < 1. Indeed, B induces an algebraic
map on the Grassmannian of (dim F)-dimensional subspaces Wthh together with its first
derivatives, depends continuously on B. Also, it is easy to see that the map B — B from
a small neighborhood of A to C°(Ly, £y) is Lipschitz with some constant L.

Now we consider the trivial fiber bundle ¥V = M x £;. Then any B, which is C°close

to A induces graph transform maps B, :V, — V¢, and thus the bundle map B:V—>V

covering f. We consider the space S of continuous sections of V with the supremum
norm, and the induced action F' = Fp on S defined for s € S as (F's)(fx) = B,(s(x)). If

KB := sup, K(B,) < 1 then F is a contraction on S and hence has a unique fixed point
S. = F's,. Let so(x) = 0 € L be the zero section, then we can write s, = lim F"sy and it
follows that s, is C%-close to sg. Denoting the graph of s(x) by &£, we obtain the unique
continuous B-invariant sub-bundle close to E.

Now we will show that s, is S-Hoélder and estimate its S-Holder constant. For this we
will find M > 0 such that Kz(s) < M implies Kg(F's) < M. Then Kz(F™(so)) < M for
all n and since s, = lim F™(sy) it will follow that Kg(s,.) < M.

Fix points z, 2’ and let © = f(z), ' = f(z’). Then for any S-Holder s € S we can
estimate, as ||s(z)|| < 1, that

|Fs(x) — Fs(@)]| = |B.s(z) - Bus(=)]

< |1Bus(z) — Bus(2)] + [1Bos(z) — Bus(=)]

< deo(Bu, B.) + K (B.)||s(=) — ()| < LIB. — Bul| + K5||s(=) — s(=)|

< LEs(B)d(z.2')" + KPKy(s) d(z,2') < [LKa(B) + KPKs(s)] (ay d(x,2'))",

where ay is the Lipschitz constant of f~! and L is the Lipschitz constant of the map
B +— B on a neighborhood of A. Hence F's is also g-Holder and

Ks(Fs) < Laj Kg(B) + off KPKs(s).
Therefore, K3(s) < M implies Kz(F's) < M if we take
M = (1 - K5})"' La] Ks(B).
If | B, — Al co is small then K7 is close to K(A) = & /€. Since &af /¢ <1 and 8 < '

it follows that 1 — K Baﬁ > 0 and is separated from 0. Then there is a constant k&’ which
bounds f/a? (1-— KBCL?)*1 for all 0 < g < f" and all B with ||B, — Al|co < 0. Hence,

M < K Ks(B).
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Finally, since K3(sg) = 0 it follows that Kz(F™(so)) < M for all n and hence for the
limit we also have Kg(s.) < M < k'Kg(B). O

Now we estimate the §-Holder constants of the restricted cocycles B; = Blgi.

Lemma 5.4. For any 0 < ' < By there is § > 0 and ko > 0 such that for any 0 < 5 < [
and any -Hélder cocycle B with ||B, — Al|co < 0 the 5-Hélder constant of the cocycle B;,
1=1,...L, satisfies

K3(B;) < ko K3(B).
Proof. Denoting B(x) = B, and B;(z) = B,|s: we need to estimate the distance between
B;(x) and B;(y). To do this using their difference, we fix S-Holder identifications 1, :
& — 5;, say by translation from x to y in the trivial bundle M x R¥ followed by an

appropriate rotation. Then for a unit vector u € £'(x) we need to estimate ||(B;(x) —
Bi(y) o I, ,)ul|. We note that

|lu— I yul| < dist(gi Ei) < Kﬁ(c‘fi) d(x,y)

B
Ty :
Also, since B(x) is 3-Holder have |B(z)u — B(y)ul| < Ks(B)d(x,y)?. Hence we obtain
that for a unit vector u € £(x)

I(Bi(2) = Bily) o L, )ull < |1 Ba)u— Bly)ul + | B)] - [ — L,ul
< K5(B)d(a,y)’ + | Bllco Ks(€) d(z,y)”.

Since K3(E") < ky Kg(B) by (5.6) and || Bllco < ||A||+[|B: — Al|co < ||Al|+ 6 we conclude
that

I(Bi(2) — Bi(y) o Lny)ull < kz Kp(B) d(,y)”.
gi,i: 1,...,L.

Lemma 5.5. For any 0 < 8" < By there is § > 0 and ks > 0 such that for any 0 < 5 < [
and a B-Hélder cocycle B with || B, — A||co < & the holonomies of cocycles B; = B|gi satisfy

|Hs,, — Id|| < ks Ks(B) d(z,y)" for any x € M and y € W; ().
Proof. We fix ¢ and denote F = B;. The stable holonomies of F are given by
F,s 1 n\—1
(5.7) Hy, = lim (F7)~ o F.

In the next lemma we consider the stable holonomies of cocycles B; = B

The existence is ensured by fiber bunching of F. Indeed, the contraction along W* is
estimated by ([2.1)) as

d(f"z, f*y) < v'd(z,y) for any x € M, y € Wi (z), n €N,
We also obtain from ([5.2)) that

et pi + 2¢
5.8) NF-MFEDTH < T IFSIIE) T < <17
=0

P 2) =" forall z,y € M,
g — Z€
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where o = (p; + 2¢)(p; — 2¢)~! is close to 1 when ¢ is small. Tt follows that
(5.9) IF2 - FD - v < g™y = 9™ for all x,y € M,

where § = ov” < 1 if § and hence € are sufficiently small. In particular, F is fiber
bunched so the limit in (5.7]) exits, though this also follows from the proof.

We want to obtain a constant ¢ such that || #]5 —Id|| < cd(x,y)? for all z € M and
ye Vvlf)c(x) Denoting Tm = fm(x) and Ym = fm(y), we obtain

(“F;)_ of: - (F;_l)_l ° ((‘Fynfl)_l Ofxnfl) O‘F;L_l
) o r) o T = () o P 4 (B om0 2

Y

=.o=1d+ Y (]—";””)*1 ory,oFr, where 1, = (F,.) ' oF,,, —Id.
m=0

Since F is S-Holder, denoting ¢ = (p; — 2¢) ' Kz(F), we obtain that for every m > 0
Il < 1(F) ™M 1P = Fyll < IF oo Ko(F) d(@m, ym)® < ¢ d(z, y)"v™”.
Using ((5.9) it follows that
I(F) ™" o rm o F

Therefore, for every n € N,

| < NENT-IFR - dl,y) ™ < 0 d(x, y)”.

[1d — ()~ OJE‘”II<ZII rio F,ll < ¢ d(x,y)" 291<0d(fvy)

where

c (pi — 2¢) ' Ka(F)
<
1-6 — 1—ovh

By (5.7) the sequence {(F;")~' o F;'} converges to H;,* (in fact the estimates imply that
it is Cauchy) and the limit satisfies

|15, — 1d|| < cd(z,y)? for any z € M and y € Wi ().
By Lemma [5.4] we have Kg(F) = K3(B;) < ko K3(B) and we conclude that
|15, — 1d|| < ks K3(B) d(x,y)” for any x € M and y € W ().
This completes the proof of Lemma O

c= =k, Kg(F) with k= (p; —2¢)7 (1 — o)7L,

6. PROOF OF THEOREM [I.1]

Any two continuous conjugacies between f and A differ by an element of the centralizer
of A. By [WaT(, Corollary 1], any homeomorphism commuting with an ergodic, in par-
ticular hyperbolic, automorphism A is an affine automorphism, and hence all conjugacies
have the same regularity.
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First, using Theorem [2.2] we will show in Section [6.1] that H is a C1THeer diffeomor-
phism, and moreover the Holder constant of its derivative satisfies the estimate

(6.1) Ks(DH) < E[|DH||co [|f = Allcres.

This part does not rely on closeness of H to the identity and the estimate applies to any
conjugacy H. Then in Section we use (6.1)) and an interpolating inequality to obtain
the desired estimate (1.2)) of |H — I]|c1+s for the conjugacy C° close to the identity.

6.1. Proving that H is a ¢'*H5der diffeomorphism.

First we recall some properties of a map g € WH4(RY , RY), ¢ > N, which also extend to
the case when g € WL4(TN TV). Tt is well known that, as a consequence of Morrey’s in-
equality, for any such g the Jacoby matrix of weak partial derivatives gives the differential
D, g for almost every x with respect to the Lebesgue measure u. Also, any such g satisfies
Lusin’s N-property [MMT3| that p(E) = 0 implies u(g(E)) = 0, as well as Morse-Sard
property [PO1] that 1(g(€)) = 0 for the set of critical points of g

€, = {z € TV : D,g exists but is not invertible},

see also [KK18] for sharper results and further references.
Now we assume that H € W'? with ¢ > N, so that the differential D, H exists u-a.e.,
and for the set
Gy ={reT": D,H exists} and its complement Ey =T\ Gy

we have u(Gg)=1 and u(Ey) = 0. Further Gy = Cy U Ry is the disjoint union of two
measurable sets, the critical set Cy and the regular set

Ry ={x €T : D,H is invertible}.

Since f and A are diffeomorphisms, it follows from the conjugacy equation Ho f = Ao H
that the sets Gy, Cy, and Ry are f-invariant. Further, differentiating the equation on
the set Gz we obtain

(6.2) Di,HoD,f =AoD,H.
Denoting C(x) = D, H on the set Ry we obtain the conjugacy equation over f
(6.3) A=C(fr)oB,oC(z)™" for cocycles B, = D, f and A, = A.

Now we show that u(Ry) = 1 and also that f preserves a measure fi equivalent to
p. Since p(Ey) = 0, the Lusin’s N-property of H yields pu(H(Ey)) = 0. Also, we have
w(H(Cpy)) = 0 by the Morse-Sard property. Hence for R}, = H(Ry) we have u(RYy) =1
Now we consider the measure i = (H~1),(u) and note that i(Rg) = 1 as u(Ry) = 1.
Since H is a topological conjugacy between f and A, i is f-invariant and, in fact, is the

Bowen-Margulis measure of maximal entropy for f, since p is that for A. Indeed, denoting
the topological entropy by hy,, and metric entropy with respect to i by h; we get

hﬁ(f) = hM(A) = htop(A) = htop(f)'
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In particular, i is ergodic with full support and local product structure. Since C is a
conjugacy between B and A on Ry with i(Rg) = 1, by Lemma we obtain that the
Lyapunov exponents )\Zf # of i for the cocycle B = D f are equal to the Lyapunov exponents
A4 of A. Hence the sum of positive Lyapunov exponents (counted with multiplicities) for
i1 equals its entropy

ha(f) =hu(4) = 3 M= Y AT

A B
Af>0 AE >0

Thus we have equality in the Pesin-Ruelle formula, which implies that g has absolutely
continuous conditional measures on the unstable foliation of f [Le84]. Similarly, equality
of the negative Lyapunov exponents yields that i has absolutely continuous conditional
measures on the stable foliation of f. We conclude that f itself is absolutely continuous.
Moreover, the density o(z) = g—ﬁ is smooth and positive as a measurable solution of
the coboundary equation o(fx)o(x)™! = det Df(x). Thus j is equivalent to u, so that
f(Ry) =1 implies pu(Ry) = 1.

Provided that ||[A — B|lco = [|[A — Dof|lco < []JA — fller < 6, where § > 0 is from
Theorem [2.2] we can apply this theorem with f and & to obtain that

C(z) = D,H : TV — GL(N,R)

coincides with a Holder continuous function almost everywhere with respect to ji and
hence p. Since H € W we conclude that H is C'H0der - Algo since (D,H)™! =
C(x)~! exists and is also Holder continuous we see that H is C'THlder diffeomorphism.
Further, Theorem gives us the estimate , which we will use to obtain the desired
estimate for |H — Id||g1+s in Section This completes the proof that H is C1+Holder
diffeomorphism assuming that H € Wha,

Now we consider the case when H = H~! is in W7 and hence D, H exists p-a.e. We
similarly define the sets G, £, C5, and Ry, which are measurable and A-invariant.
Hence by ergodicity of A the set Ry must be null or co-null for pu. If u(Rz) = 0 then
u(H(Rz)) = 0 by the Lusin’s N-property of H, but this is impossible since u(H(Ez)) =
0 by the Lusin’s N-property and u(H (C5)) = 0 by the Morse-Sard property. Hence
#(Riz) = 1. Then for R}y = H(Rj) we have fi(R%) = 1, where as before i = H. (1)
is the measure of maximal entropy for f. Now the Lusin’s N-property of H yields that
i1 is absolutely continuous and then equivalent to pu. Hence we also have ,u(R’H) = 1.
Since H = H! is a homeomorphism, and D, H is invertible for z € Ry, it follows that
D,H = (D, H)™" is the differential of H for each y = H(x) in R

Therefore, we can again differentiate H o f = A o H to obtain (6.3) and then the
conjugacy equation (6.3)) with C(x) = D, H on the set R'; of full measure for both y and
fi. Then by Theorem applied with f and fi we obtain that C(x) = D, H is Holder on
TV and hence so is C(y)~" = D,H. Since H = H~" is in W' we conclude that H' is
C1Hidlder diffeomorphism. In this case we also get .
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6.2. Estimating ||H — I||c1+5. We showed that any conjugacy H is a C1HH8der Jiffeo-
morphism satisfying . Now we prove estimate for the conjugacy H that is C°
close to the identity.

Any two conjugacies in the homotopy class of the identity differ by a composition
with an affine automorphism commuting with A, which is translation T,(z) = x + v,
where v € TV is a fixed point of A. It is well known that if f is C'-close to A, then
it has a unique fixed point p which is the perturbation of 0. More precisely, there are
0<d(A),7(A) < 1/5 and k(A) so that for each f satisfying ||f — A||c1 < d(A) there is a
unique fixed point p = f(p) with d(p,0) < r(A) and it satisfies

d(p,0) < k(A)[[f = Allco-

Since H maps fixed points of f to those of A we see that if ||H — I||co < 7(A) then it is
in the homotopy class of the identity and satisfies H(p) = 0. )

Replacing f by f =T_,0 f oT, we can change p to 0. Since for f(z) = f(z +p) —p
we have that

IDf = Aller = [|Df — Aller for any k > 0,
and so only || f — A||co is affected by this change. Moreover, if we write f = A+ R, then
f(z) — A(x) = A(z +p) + R(x +p) —p — A(z) = R(z +p) + A(p) — p

and hence

If = Alleo < [Rlloo + 1A®p) = pll = If = Alleo + [|A®D) = f(®)] < 2] f — Allco-

Thus Hf — Allgr+s < ~2]|f — Allgr+s. Also, if H is the corresponding conjugacy between f
and A then H(x) = H(z — p) and hence

1H —1d|leres < [|H = 1d][ors + d(p, 0) < [ H — 1d||crss + k(A)||f — Allo

Thus the estimate (6.1]) for H via f would yield the corresponding estimate for H via f.
So without loss of generality we will assume that

f(0)=0 and H(0)=0.

Now we recall how the conjugacy equation H o f = A o h can be rewritten using lifts.
We denote by f and H the lifts of f and H to RY satisfying f(0) =0 and H(0) =0 so
that we have H o f = Ao H where all maps are RV — RY. Since H is homotopic to the
identity and f is homotopic to A we can write

H=1Id+h and f=A+R,
Then the commutation relation on R¥
(Id+h)o(A+R)=Ao(Id+h) yields h=A'(hof)+ A 'R
Since h, R : RY — RY are Z"-periodic we can view them as

h=H-Id: TN 5 RY and R=f—-A: TV >RV
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and rewrite the conjugacy equation as one for RV-valued functions on TV
(6.4) h=A"hof)+ A 'R

Using the A-invariant splitting RY = E* @ E* we define the projections h, and R, of
h and R to £, where * = s, u, and obtain

(6.5) h, = A (h,o f) + A]'R,,
Thus h, is a fixed point of the affine operator
(6.6) T.(4) = A7 (o /) + AL 'R,

Since || A, < 1, the operator T, is a contraction on the space C°(T9, E*), and thus
h, is its unique fixed point

(e 9]

(6.7) hy, nllgnoon 0) = Z A;m(AglRuofm).
Hence
(6.8) [hullco < D NATN™ [ Rulleo < kl[Rullco < E[JA = fllco.

m=0

Similarly, hs is the unique fixed point of contraction T, ! and hence satisfies a similar
estimate. Combining them we conclude that

(6.9) 1H = Id[co = [|hllco < kol[Rllco = kollA = fllco-

Now we estimate |H — Id||ci+s using (6.9), (6.1), and the following elementary inter-
polation lemma. We note that DH = Id + Dh, so that Kz(Dh) = Kg(DH).
Lemma 6.1. If h: TV — RY satisfies Kg(Dh) < K then
| Dhllco < 8]|Afja™ K0,

Proof. Denote b = || Dh||co and choose z € TV such that ||D,h|| = b. Then for some unit
vectors u,v € RY we have (D,h)u = bv. For y € TV let b, = {(D,h)u,v), so b, = b. Then

b= by| < [(Dah)u — (Dyh)ul| < K d(z,y)” <0/2 if d(z,y) < (b/2K)"”
and hence b, > b/2 for such y. Consider y(t) = z + tu, with 0 < ¢ <ty = (b/2K)'#  and
6(t) = {h(y(1)), v). Then
g'(t) = {((Dyh)u,v) = by = b/2,

and hence by integrating we get bto/2 < g(to) — ¢(0). Since |g(to) — g(0)| < 2||h||co we
obtain bty < 4||h||co. Substituting to = (b/2K)'/# we obtain

b(b/2K)P < 4|hllco = bUFD/P < 4|h|co(2K)YP = b < 8|2 KO+
as 48/(0+8)91/(1+8) ~ & O
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We denote a = ||h||co, b = [|Dhl|co, and d = || f — Al|c1+s. Then
|DH|co = 1d + Dhljeo < 1+b,
and hence implies that
(6.10) K = Kg(Dh) = K3(DH) < k(1 + b)d.
Also, by we have a = ||h||co < kod. Then Lemma [6.1] gives
b < 8(kd)? MO (k(1 + b)d) ) < kyd(1 + b)),
It follows that b is bounded by some ks if d < 1. Then implies that
K = K3(Dh) < ksd.
With this K Lemma [6.1] gives
b < 8(kd)? ) (kg(A)d)Y ) < kyd.
We conclude that
b= ||Dhl|lco < ksd, a=|hlco <kod, and Kz(Dh) < ksd,

so that
[H = 1d||ci+s = [|hf|cr+s < ksd = ks || f — Allcr+s.
This completes the proof of Theorem [1.1]

7. LINEARIZED CONJUGACY EQUATION

In this section we begin the proof of Theorem [I.3] and in the next one we will complete
it using an iterative process. In these sections we fix a hyperbolic matrix A € SL(N,Z).
We will use K to denote any constant that depends only on A, and K, to denote a
constant that also depends on a parameter x.

7.1. Preliminaries. Set A = (A7)~ where A" denotes transpose matrix. We call A the
dual map on ZN . Since A is hyperbolic so is A, and we denote its stable and unstable
subspaces by E* and E*. Thus there is p > 1 ( p < min{p;,+1, p;;'}) such that

(7.1) A ]| > Kp*llo]l, k>0, ve E",
|A 0] > Kp*|loll, k>0, veE

For a subspace V of RN, we use my to denote the (orthogonal) projection to V. For
any integer vector n € Z" we write ny = mzn and n, = Tg.n. Since A € SL(N,Z)
is hyperbolic, for any 0 # n € Z~ both n, and n, are nonzero and there is a unique
ko = ko(n) € Z such that

|A*ng|| > ||Afn,|| for all k <k, and

| A*n,|| < ||A*n,|| for all k > k.
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The corresponding element A* ™y on the orbit of n will be called minimal and
(7.2) M = {AMMp . 0 £nezZN} c ZN\0.
For any n € M we have ||n,|| > 1|n| and ||An,| > L[ An]|.
For a function 6 € L2(TY, C) we denote its Fourier coefficients by 6, n € ZV, so that
O(z) = > 0,2 in L(TV).

neZN
We say that 6 is excellent (for A) if 6, = 0 for all n ¢ M.

To simplify our estimates, instead of the standard Sobolev spaces we will work the
spaces H*(TY), s > 0, defined as follows. A function 6 € L?(TY) belongs to H*(T") if

10115 = sup G| [[n]|* + 8o < oo.
n

The following relations hold (see, for example, Section 3.1 of [dIL99]). If ¢ > N + 1 and

r € N, then for any § € C"(TV) and w € H"" we have § € H" and w € C™(TV) with
estimates

(7.3) 16]l» < KT[fllcr and  [wller < Kl[wllro-

For a vector-valued function 6 : TV — C™ we denote its coordinate functions by 6;,
j=1,...,m. We say that 0 is in F*(T") if each 6; is in H*(T") and set

def o def ,, 7 o
10|ls = 1r§njaé>7<n||6j|\s, 0n = (0., (Om)n) for any n € ZN

We say that 6 is excellent if 0; is excellent for each j.

7.2. Twisted cohomological equation over A in high regularity.
A crucial step in the iterative process is solving the twisted cohomological equation

(7.4) Aw—woA=10

over A, which can be viewed as the linearized conjugacy equation. In this section we give
preliminary results on solving this equation in high regularity. We start with a scalar
cohomological equation over A twisted by A € C\{0, 1},

(7.5) Mo —wo A =0,

The next lemma shows that the obstructions to solving it in C'*° category are sums of
Fourier coefficients of 6 along the orbits of A. Moreover, for any C™ function  there is
a well behaved splitting 6§ = 0 + 0*, where 6* can be view as a projection to the space
of twisted coboundaries and 6* as the error. A similar result was proved for ergodic toral
automorphisms in [DKtI0] and used for establishing C*° local rigidity of some partially
hyperbolic Z* actions. We prove the result for hyperbolic case to keep our exposition
self-contained and get a better constant o(\).
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Lemma 7.1. For a function § : TV — C in H*(TY) and X € C\{0,1} we define

Dy(n) = Y A~Dg,,
Suppose a > o(\) = “ﬁ)giglp’\” + 1, where p > 1 is the expansion rate of A from (71)). Then
i) The sum Dg(n) converges absolutely for any n # 0; moreover the function
(i) g y y

9* dzef Z De(n)€27rin~a:7

neM

where M is from (7.2)), is in H*(T) with the estimate ||6*]|a < Ko ||0]la-

(ii) If Do(n) = 0 for any n # 0, then the equation (7.5) has a solution w € H(TV)
with the estimate

HWHa < Kr,/\HHHa’

(iii) If the equation (7.5) has a solution w € HTN(TYN), then Dy(n) = 0 for any n # 0.
(iv) For 6 9 — 0% the equation:
Aw—woA=¢"

has a solution w € H(TN) with the estimate ||wlls < K, ||0]la-

Remark 7.2. We emphasize that the existence of * requires a high regularity of 6. In
fact, for any b < o(A), we have to estimate it as ||6*[|y < K1[|0]|(n)-

Proof. We define
Dy(n)y =S A EDg 2 and Dy(n)_ =3 A 0+Dg,, .

i>1 i<0

(i). Let n € M. The inequality ||z (n)|| > 3||n|| we obtain
[Do(n)-| < 18]l > INTED AT < 8]la Y (A7 g (A7

i<0 i<0
—a —(7 ia —a ) —a
(7.6) < N01.C7 D0 ATV g ()7 < KaallOlla [Inl 7.
i<0
Here in (1) convergence is guaranteed by a > %'/’)\H. The sum Dy(n); can be estimated
similarly using the inequality |7 z. (An)|| > %||/~1n|| Hence we get
167l < Kax[0]]a-

For any z € Z" and k € Z, we see that
(7.7) Dy(AF2) = N Dy(2).
This shows that Dg(n) converges absolutely for any n # 0.
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(ii) In the dual space the equation Aw —w o A = 6 has he form
Aop — @5, =0, VYneZV.
For n = 0, we let @y = %. For any n # 0, let &, = Dy(n)_. Then w = ¥,,czy @,e2™ is

a formal solution. Next, we obtain its Sobolev estimates. If |7 z.(n)|| > 3||n[|, then from
(7.6) we have

(7.8) |@n - ([l < Kax

If |7 5u (An)|| > %Hfln”, then the assumption Dy(n) = 0 implies that @, = Dy(n),. The
arguments in (i) show that (7.8)) still holds.

(iii) By (i) and we have: for any n # 0
Dy(n) = Dyy—wou(n) = ADy(n) — D,,(An) = AD,,(n) — AD,,(n) = 0.
(iv) Tt is clear that Dg.(n) = Dg_g«(n) = Dg(n) — Dg«(n) = 0 for any n # 0. Then the
result follows from (ii). d
Now we extend Lemma [7.1] to the vector valued case. We consider the equation
Aw—woA=20

with the twist given by the restriction A; = A|E*, where E*, i = 1,..., L, is a subspace
of the splitting (3.1)). We note that any eigenvalue A of A; satisfies |\| = p;.

Lemma 7.3. Let p > 1 be the expansion rate for A from (7.1) and let

(7.9) Uzii?f‘f&(“l?)i?’+1>N+N+2'
Then for any i =1,...,L and any C* map 0 : TN — CNi, there is a splitting of 0
0=0"+06"
such that the equation:
(7.10) Aw—woA=06"
has a C* solution w with estimates
lwller < K|0)lgr+o, Vr > 0;

and 0% : TV — Ci is an excellent C* map so that for any r > 0
10%llcr < KollOlleree and |07, < K [|0]l4o—2-n-

Proof. If A; is semisimple, then the conclusion follows directly from Lemma as the
equation ((7.10)) splits into finitely many equations of the type

Ajw; —wj o A = (0;)"

where 6; is a coordinate function of 6 and A; is the corresponding eigenvalue of A;.
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If A; is not semisimple, we choose a basis in which A; is in its Jordan normal form with
some nontrivial Jordan blocks. We note that the excellency of maps is preserved under
the change of basis. Let J = (J;;) to be an m x m Jordan block of A; corresponding to
an eigenvalue A with |A| = p;, that is, J;; = A for all 1 <1 < m and ;41 = 1 for all
1 <1< m —1. Then equation splits into equations of the form

(7.11) JQO—QoA=6,

corresponding to the Jordan blocks J. Each equation ([7.11]) further splits into the follow-
ing m equations:

A2 — Q0 A+ Q54 = (0Y);, and
Ay, — Qo A= (0", = (On)",
1 <7 <m —1. For the m-th equation, Lemma [7.1| gives the splitting
Om = A0, — Qo A4 (07),,

where Q,,, (0%),, = (0,,)%, and (0"),, = A2, — Q,, 0 A are C* functions satisfying the
estimates:

max{[[(©%)mllr, |-} < Kr,m||@”r+o(m)= Vr >0

and Oy, is excellent.
Now we proceed by induction. Fix 1 < k£ < m—1 and assume that for all k+1 < 7 <m
we already have the splitting

O, =X —Qj0A+ Q1 +(07);
where €25, ©F, and (©"); = M2 — Q0 A+, are C* functions satisfying the estimates:
(7.12) mac{ [l 1O} < KesllOllsnoginos Y7 >0
and (©*); is excellent. By Lemma we obtain the splitting
Or — U1 = A% — Q0 A+ (O — Qpeyr)”

where Qi, (0%)r = (O — Qky1)*, and (0" = ANQ, — Q. 0 A + Q4 are C™ functions
satisfying the estimates following from (|7.12]):

maX{HQkHW H(@*)kHT} < KTH@k - Qk+1||r+0(pi) < Kr,k“®||r+(m—k+1)0(pi)7 Vr>0

and (©%); is excellent. Let Q, ©* and ©* be maps with coordinate functions €;, (©");
and (©*);, 1 < j < m respectively. Hence we show that there is a splitting of ©

©=0"+0"
such that the equation ([7.11)) has a C'*° solution 2 with estimates.
max{[|O"|., |||} < KrH@”rerU(pi), Vr=>0

This can be repeated for all corresponding blocks of A. Since the maximal size of a Jordan
block is bounded by N, we obtain estimates for the [-||, norms of w and 6*. This implies
estimates for the ||-||c- norms as well by ((7.3)). 0
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7.3. Main result on the linearized equation. The next theorem is our main result
on solving the linearized equation. It plays the crucial role in the inductive step of the
iterative process, Proposition 8.3 The goal of the inductive step is, given a C* conjugacy
H between A and its perturbatlon f, to construct a smaller perturbation f which is
smoothly conjugate to f by H. The conjugacy H is constructed in the form H = I — w,
where w is a C'*° approximate solution of the linearized equation given by Theorem @
The C* conjugacy H is upgraded to C'** by Theorem [L.1} It yields an approzimate C'*+¢
solution h = H — I of the linearized equation (7.13)). This necessitates the introduction
of the error term ¥ in the assumption of the theorem.

Theorem 7.4. Let A be weakly irreducible hyperbolic automorphism of TV . Suppose that
(7.13) Ah—hoA=R+ 7,
where maps b, U : TN — RN are C1* and R : TV — RY is C°.
Then there exist O maps w, ® : TV — RY satisfying the equation
(7.14) R=Aw—-woA+®
and the estimates
[wller < K HRHOW

[@llco < Kra(|@fleree) T3 ([Rore) ¥

foranyr >0 andl > N + 2, where o is given by .

For traditional KAM iteration scheme, the convergence requires the error ® in solving
the twisted coboundary to be small compared with R. This is established by
showing that ® is tame with respect to ¥, which is almost quadratically small with
respect to R. Tameness means that the C” norm of ® can be bounded by the C"*? norm
of W, where r is arbitrarily large while p is a constant.

One difficulty in our setting is that the estimate of ® depends on ¥ and R rather
than on W only. This results in technical issues in proving convergence of the iterative
procedure, and so the traditional KAM scheme fails to work. We resolve this issue by
introducing a parameter [ when estimating ||®||co. If the parameters are well chosen, the
constructed approximation behaves as if it were tame.

The main difficulty in estimating ® in our setting is that low regularity of b yields
smallness of ¥ only in C**H01er norm | see Lemma and equation . This does not
allow us to directly estimate orbit sums of Fourier coefficients and split R into a smooth
coboundary R* = Aw — w o A and an error term R* = ®, see Remark [7.2] - To overcome
this problem We use the splitting RY = ®F’ to decompose the equation (|7 and then
differentiate i** component along directions in E?. This allows us to “balance” the twist
(up to a polynomial growth of Jordan blocks) and analyze the differentiated equation
using Holder regularity. This is done in the following Lemma[7.5] After that, we establish
Lemma [7.6] to relate Fourier coefficients of a function and its directional derivatives. We
then complete the proof of Theorem [7.4] in Section
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Now we begin the analysis of the differentiated equation ([7.13). For any 1 < i < L and
any unit vector ug € E*, we consider unit vectors u, and scalars ay, k € Z, given by
Abug 1AF o
| AT uoll Nl AFuo||

We define a sequence of matrices P, € GL(N;,R) which commute with A; and satisfy the
recursive equation

(716) Pk+1 = akAi_lPk.
Specifically, we set

(7.15) up = and ay = [|[Asug|| = so that  A;up = apug 1.

Qg - - 'CLk_lAi_k = ||Aqu|| Az_k, ]{7 > O,

7.17 Py=1Id and P, =
( ) 0 k { ((I—l .. a_k)flAf _ ”A;kuon A?, L <0

Lemma 7.5. Let o : TV — R be a sequence of maps in H(TY), a > 0, satisfying
loklla < b for all k € Z, let P, € GL(N;,R) be as in (7.17)), and let
keZ
(i) For any n € M the sum S(n) converges absolutely in CNi with the estimate
IS < Kab[ln]~".
(ii) If by : TV — RYi 4s another sequence in H(TYN) so that for all k € Z we have
1bklle < ¢ and
(7.18) Aibk — agbri10 A = oy,
then S(n) =0 for everyn € M.

Proof. (i). Since all eigenvalues of A; have the same modulus p;, we have (3.3)), and so
there exists a constant C' such that all P, satisfy the polynomial estimate

(7.19) 1Pl < NAZI - AT < C(R[+ 1)*Y = p(|k]), for all k € Z.
Let n € M. We write ¢ = (¢x1, -, Pr.n,) and set
S(n)+=>_ Pu(Pr)ar, and S(n)-=>_ P (Br) i,
k>1 k<0

Using the assumption ||¢x||o < b, estimates (7.19) and (|7.1]), and the inequality ||7z.(n)|| >
5|n|| we obtain

1S()-1 < D 18I maxe (D) eal < 2 llnlla Il | A%l

k<0 k<0

<b), p(!kl)HWEs(Akn)H_a < 6O p(lk]) P 7p (n) ]
k<0 k<0

< K,b||n|

The sum S(n), can be estimated similarly using the inequality |7 z.(An)| > %H[ln”
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(ii) Let n € M. From the equation ([7.18)) we obtain that for any k € Z
Py o A¥ = P A b o AF — ap Py by 0 AFH!

Summing from —m to j and observing that the sum on the right is telescoping as a P, =
A;Pyy1 = Pry1A; by the choice of Py in ([7.16]), we obtain

J .
>, Pioro AF = AP0 AT — ajPy b 0 AT
k=—m

Taking Fourier coefficients and noting that (6 o A¥),, = 6 ir, We obtain

J o I
> Pe(@r) ik = AP (Do) jomp — 4 Pi(0j51) g1y,

k=—m

Since the series ez Pr(br) 1x,, converges by part (i), we have Py(bg) g, — 0 as k — £00
and hence, as a; are bounded,

aj-Pj(b/jI)AjJrln — 0, as j — oo; and
AiPm(h/T\n)Amn — 0, as m — —oo.
We conclude that S(n) = 0. O

7.4. Directional derivatives. In this section we establish some estimates for Fourier co-
efficients of a C* function 0 : TV — R via Fourier coefficients of its directional derivatives
along a subspace E° of the splitting . This relies on weak irreducibility of A.

For any v € RY with ||v]| = 1, we denote the directional derivative of § along v by 6,.

Lemma 7.6. Let A be a weakly irreducible integer matriz and let v, ;, 7 =1,..., N;, be an
orthonormal basis of a subspace E* from (3.1)). Then there exists a constant K = K(A)
such that for anyi=1,...,L and any C' function 6 : TN — R,

N
10,,] < K> (8l - 10N for all n e ZN\0.
=

Proof. We denote by ||| the standard Euclidean norm in RY. Since § is C*, we have
27T1(7’L : vi,j)ﬁn = (Hviyj)n, 1 S] S Nz
Adding over j we obtain that for any n € Z¥\0 we have
Z;‘V:il |<8'Ui,j>n‘ < Z;V:ZI |(8Ui,j)n|
2wy n- vyl T 2wllmpml
since for an orthonormal basis v;; we have Ej-v;'l n - v ;| > ||[mgin|. Since ||mpin| =
d(n, (E%)1), to complete the proof it remains to show that d(n, (E")*) > K'||n|~".

Since A is weakly irreducible, so is the transpose A™. This follows from Lemma [3.3
which gives an equivalent condition for weak irreducibility in terms of the characteristic

|én| -
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polynomial. We denote the splitting (3.1]) for A” by RY = E} @ --- @ EL and similarly
let % = &, EL. Then we obtain (E')* = E.. Indeed, the polynomial

pitx) = [ (@—=N7,

[Al=p;
where the product is over all eigenvalues of A of modulus p;, is real and
(E)* = (ker pi(A))*F = range(p;(A)7) = range(p;(A7)) = EL,
since p;(A7) is invertible on E%. Now the desired inequality
d(n, (E")") = d(n, E) = K'|n| ™"

follows from Katznelson’s Lemma below. We apply it to A™ with the invariant splitting
RY = B! @ E! and note that £ N Z"Y = {0} by weak irreducibility of AT. O

Lemma 7.7 (Katznelson’s Lemma). Let A be an N x N integer matriz. Assume that
RY splits as RN =V, @V with Vi and Vy invariant under A and such that Aly, and Aly,
have no common eigenvalues. If Vi NZN = {0}, then there exists a constant K such that

d(n, Vi) > K|n||™ for all0 #n e ZV,
where ||v|| denotes Euclidean norm and d is Fuclidean distance.

See e.g. [DKt10, Lemma 4.1] for a proof.

7.5. Proof of Theorem [7.4. Using the splitting RY = @E’ we decompose (7.13) into
equations

where b;, R; and ¥; are coordinate maps in the of i, R and U respectively.
By Lemma [7.3] there is an excellent C* map R} with estimates

(7.21) IRiller < K[ Riller+e,  [IRillr < K IRillrpo-n—2
for any r > 0, such that the equation:
(7.22) Aw; —wj 0o A=R; + R}
has a C*° solution w; with estimates
|lwiller < K| Ri|lgr+e, Vr > 0.

Let w be the map with coordinate maps w;.
We obtain from (7.20) and (7.22) that C'** maps p; = h; — w; and A; = =R} + U,
satisfy

Aipi —pio A=A
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We fix 1 < ¢ < L and an orthonormal basis v; ; of EY. We fix 1 < j < N; and, as
in (7.15)), consider unit vectors ug = v;; and uy = HA’“ o and let a, = ||Augl|, k € Z.
Taking the derivative of the previous equation in the dlrectlon of u; we obtain equations

We note that for any k € Z the maps (p;)., and (A;),, are in C* and hence in H?, as we
recall that for any function g by (7.3) we have

(7.23) 19uilla < Kllguylloe < Killgllerse.

Now we use (ii) of Lemma with by = (pi)u,, Yx = (Ai)u,, and Py is as defined in
(7.17) to obtain that for any n € M

Zpk zukAk Zpk Zpk 2 = 0.

kEZ kEZ kEZ

Since (R}),, is excellent, for each k € Z we have

Zpk ) uk Ak Zpk = ((R:)Uo)n

kEZ keZ
for any n € M, which gives

(1) ) a
[(R¥)uo)nl < Bamax{[[(Vi)uy llad [0l < Kol Willervelln][ 7
Here in (1) we use (i) of Lemma([7.5 and in (2) we use (7.23).

We conclude that for any v, j, 1 < j < N;, we have

(7.24) [(Ri)e,), | < KallWillersellnl|™, Ve M.
Finally, using Lemma and ((7.24), we obtain that for any n € M
N

[(R3),] < KD N(R: )us,), Il < Kol @il orsa ] ¥
j=1
(7.25) < Kol Willr+alln] ™

Now for any r > N + 2 and any n € M we can estimate splitting the exponent of the
first term as o and 1 — « in the way to get the total the exponent of ||n|| be zero

— T (l=2=N s 2N42
(R0 ¥4 = |(R7),| 5 [(R)), | T [|n]|N+2
< (KallWillossa InllY) = (Il IR 1) ™ o]
1—2—N
— Ko™ (Wil o) TF (|RE) T
(2)

< K[ @illoree) TF (R} lle) T8

3) 2N+2

< K illere) T (JRaflcres) T3

2N+2
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Here in (1) we use that R} is C*° and (7.25)); in (2) we use (7.3)); in (3) we use (7.21)).
Then by ([7.3)) we get
1—2-N 2N42

[Rillco < ClIR [[n+2 < Kiall[Villorse) T ([ Ril|rea) 757
Finally, we denote by ® the map with coordinate maps R}.

8. PROOF OF THEOREM [I.3]

In this section we complete the proof of Theorem using an iterative process. The
main part is the inductive step given by Proposition[8.3] We start with a sufficiently small
perturbation f, of A which is C* conjugate to A. We construct a smaller perturbation

fne1 which is smoothly conjugate to f,. The conjugacy H,.; between f, and f,.; is
obtained using Theorem [7.4] Then the iterative process is set up so that f,, converges to
Aand Hyo---0 H,,1 converge in sufficiently high regularity.

8.1. Iterative step and error estimate.
We recall the following results, which will be used the proof of Proposition [8.3

Lemma 8.1. [dILO98| Propositions 5.5 For any r > 1 there exists a constant M, such
that for any h,g € C"(M),

Ihogller < M. (1+ llgliet) (lhllerllgler + Bllerllglle) + l[Allco.

Lemma 8.2. [La93, Lemma AII.26.] There is d > 0 and such that for any h € C"(M),
if |h— Il|cr < d then h™t exists with the estimate |h™' — I||cr < K, ||h — I||cr.

Proposition 8.3. Let A be a weakly irreducible Anosa}v automorphism of TN. Let B = %,
nglhi:f 5052§iz;ygngheorem . There exists 0 < ¢ < 5 such that for any C*° perturbation
| fn — Allco+2 < ¢, where o is from Lemma[7.3,

and the conjugacy equation
(8.1) H,o f,= Ao H, with a function H, € C*(TY) with ||H, — I|co < c
the following holds. There exists w, 1, € C®(TY) so that the functions
(8.2) Hyoy =1 —wny, Hpyoy=HyoHupy, foor=HylofooH,y
satisfy the new conjugacy equation

Hyi10 foyn=Ao0H,,

and we have the following estimates.
(i) For anyr >0 and any t > 1

lwnsiller < K min{t?||Ryllor, | Balloree}. where Ry = fo = A.
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(ii) For the new error Ryy1 = fni1 — A, we have

IRnsillco < Kt7||Rullcr || Rallco + Kot ™| Rulloe

1+§ 1—2— IN+2

N
+ Kio(t™ 2| Rulloe + | Rallg”) T8 (7] Rl cr) 7
foranyt>1,0>0 andl > N +2; and also for any r > 0 we have
(8.3) |Rnstller < K t7||Ryllor + K

(iii) For the new conjugacy H, 1, we have
(8.4) [Hn1 = Ilco < K|[Rulles + | Hy — 1o

Proof. We denote h,, = H, — I and R, = f, — A and, similarly to (6.4)), we write the
conjugacy equation (8.1) as

We can assume that ¢ < &, where § = §(f3) is from Theorem 1.1}, and that ||H, — I|jco < ¢
yields that H is the conjugacy close to the identity. Then Theorem gives the estimate

(8.5) |hnllcrre < K| Ryl cr+s.
We define
(8.6) Q,=Ah, —h,0oA, and ©,=R,—Q,=h,0A—h,o f,.

148
Lemma 8.4. H@"”CH% < K || Rl pads-

Proof. We omit index n in the proof of the lemma. We note that
[Rllcres = [If = Allers < e < 1.
Differentiating at z € TV we get
DO(z) = Dh(Az) o A — Dh(fz) o Df(x)
= Dh(Azx) o A — Dh(fx)o A+ Dh(fz)o (A— Df(z)),
and hence
1DO[co < [|A[l [ Dh(Az) — Dh(fx)l|co + | Dh(fx) © DR(z)||co
< A IDAl sl RIICo + || Dhllco|| DR oo
< Al Il | RYEo + ellcr | Rller
Since we also have ||O]|co < ||h]|c1||R||co, we conclude using and || R||c1+s < 1 that
(8.7) |©llcr < Al aflcrss | RllEa + IBllc | Rller < KIIR| 62



LOCAL RIGIDITY 35

To estimate the Holder norm of DO, using equation * for any =, y € TV we have
DO(z) — DO(y)
= (Dh(Az) — Dh(Ay)) o A+ Dh(fz) o (Df(y) — Df(x))
+ (Dh(fy) — Dh(fz)) o Df(y),

and hence
1DO(z) — DO(y)|
< [|A|[ [[Dh(Az) — Dh(Ay)|| + [Dh(f2)|[|IDf(y) — Df(2)||
+ |Dh(fy) — Dh(fz)|[[|Df(y)]]
< [|A[[ | DRl || Az — Ayl + ([Pl 1D flloslly — )1

+ I flle I Dhlles |l f2 = fyll®
< |AI*Z Alleralle = w117 + Nalles | fllorsslly — =])”

+ [ fllos Bllerss | £l Nl = wll”.
We conclude using (8.5)) and ||f — A||c1+s < 1 that
(88)  DBllcos < AN hllcres + Ihllorll fllerss + Il crsl FIIE” < KRl ovs.
Therefore
(8.9) 1Bllc1+s < [[Bllcr + | DO|cos < 2K Rl[cr+s.

Finally, we complete the proof of the lemma using an interpolation inequality

1 1 148
(8.10) 1Ol 1vg < KOl IOl Ears < KallRllcrfs-
U

We recall that there exists a collection of smoothing operators s;, t > 0, such that for
any s > s; > 0 and sy > 0, for any g € C*(TY) the following holds, see [DKt10] and
[Ha82]:

(8'11) ”5t9| Cstsa < KS,Sz £ Hg‘ cs, and H([ - 5t)g’ cs—s1 < KS,S’ = Hg’ Cs-
We write as
(8.12) Ahy —hpoA=Q, =R, — 0, =[s;R,| +[({ —s)R, —O,] =R+ ¥

and apply Theorem to get the new splitting and obtain the estimates:
(813) stRn = Awn+1 — Wnp41 © A —+ (Dn
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where w,.1 and ®,, are C* maps with the estimates:

(@) o
(814) H(JJn+]_HCT S KTHEt(Rn)HC'ﬁLo’ S Krmln{t HR HCT HR HC’I‘+0'} and

2N+42

[®nllco < Ki([[(1 = 50) n — O] M) T (|l Ralgree) TV

(b) 1458 2 ) 2N+2

< Ki([(I = s0)Rallez + [ Rullca?) 7 (lseRallcres) 57

1+£2, 1= +2
(8.15) < Koot Ralloe + [ Rall ) T3 (17| Rall ) ¥

for any r, ¢ > 0 and any [ > N + 2. Here in (a) we use (8.11) and in (b) we use (8.10]).
From equation (8.13) we obtain a C" estimate for ®, with r > 0

||(I)n||CT = ||Awn+1 —wpy10 A _stRnHCT

(1)
< Kllwnsillor + llseBnllor < Kot?[|Rallor-

Here in (1) we use (8-11) and -

Let Hyy1y = I — wpyy. From we can assume that [lw,i1]|cr < min{3,d} (see
Lemma [8.2) if ¢ is sufficiently small. Hence H, .1 is invertible. We estimate the new error

Ryp1=farn — A
by using
Jn1 = o} nt1 © Jno Hyp1 = E’n—i—l O fny1=Jno ~n+1
= (I = wn41) © frs1 = fn © Hoa
= fat1 = Wos1 © far1 + fo © Hup.
This gives

RnJrl = Wp+10° fn+1 + fn o Ij[nJrl —A
= Wnt10 fup1 + (Rn+ A)o (I —wpy1) — A

= Wnt1 0 fop1 + Rpo (I —wpi1) — Aowyy.
Hence we see that R, .1 has three parts:
Rn+1 = (wn-‘rl © fn—l—l — Wp41 © A) + (Rn © (] - wn+l) - Rn)
81 82

+(wn+10A—Aown+1+Rn).

&3




LOCAL RIGIDITY 37

We note that
0) 1
1€xllco < Mlwniallorll frsr = Alloo < Sl Rt llco,

(1)
[E2]lco < K| Ryllor[|wngillco < K7 || Rullor || Rl o
and
[€3llco = |Pn + (I — 5¢) Rullco < [|Pnllco + [[(1 — 5¢) Rl oo
(2) »
< || ®allco + Kot || Ryl e

for any ¢ > 0. Here in (0) we recall that ||wui1]|cr < 3; in (1) we use (8.14); and in (2)
we use (8.11)).

Hence it follows that
1
| Rngillco < |E1llco + [|Ellco + [|Es][co < §||Rn+1||cO + [|&2]lco + (|5l o,

which gives

[ Rnsillco < 2[[&|lco + 2||E5]|co
< Kt°|| Ryl er || Rallco 4+ Kot~ || Rallce + || @n | oo

(3)
< KthHRn”C1 HRn”CO + Kft_EHRn“CZ

1+§ 1—2-N 2N 42

+ Kot Rallee + 1 Rallce®) T8 (7| Rallor) 7
for any [ > N + 2. Here in (3) we use ({8.15)).
Now we estimate ||R,+1||c-. We note that
Royi=({ —wpi1) to(Ry+A) ol —wpi1) — A= —wpy1) toP— A
By Lemma [8.1| we have
IPller < My (14 1] = wasallin')

“(18n + Al Il = wnsaller + 1Bn + Allor [T = wnialler) + | n + All o

(1) (1)
< K A%\ Ryl + K, and |IPllcr < K.

Here in (1) we use the fact that w, 1 satisfies the estimates ||wyi1]|cr < K t7||Ry||or (see
(8.14)) and ||wy41]lcr < 3. Using Lemma [8.2] this also implies that

I = wns1) Hlor < Kollwnsiller < Kpat? || Rullor

and ||(1 — wpi1) Her < 2.
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As a direct consequence of Lemma [8.1] and the above discussion we have
[Rusallor < A (14 DPIE) (I = ) eall Pllor + (T = i) Mer | Plle) + K
< K |[Pller + Kot | Ruller + K
S Kr,ltU”RnHCT + Kr,1~
To get (8.4) we have
[ Hn1 — l[co = [[Hn o (I —wpi1) — |[co < ||Hno (I —wpi1) — Hallco + [ Hn — 1| co
< [Huller|lwnsrllco + |1 Hi = 1o
1)
< K| Rullce + [[Hn = I]|co.
Here in (1) we use (8.5 and (8.14)). O

8.2. The iteration scheme. First we note that by [dIL92, Theorem 6.3] there exists
o9 = 0o(A) € N such that if H and H~! are C?° then H and H~! are C*.
To set up the iterative process we take ¢ sufficiently large so that the following holds

(> max{w, 245“, 2(5 max{o0, o} + 1), 2(20+5)},
(8.16) — 3
8 5\ (L—2- N\ 2N 42 3
(1+§)(1_Z)< (+ N )_2£+N = 1+3

Now we construct R, f., w, and H, inductively as follows. For n = 0 we take

n

fo=f, Ho=H, Ry=f—A, wy=0, anddefine ¢, =¢"
where v =1+ % and € > 0 is sufficiently small so that the following holds

1
[Rollco <eo=¢,  [[Rollor < €5, [Ho = Iflco < €5

We note that Hy € CY(TY) by Theorem . Now we assume inductively that H, &
CH(TY) satisfies the conjugacy equation

Hn o fn =Ao Hn
and that H, and R, = f,, — A satisfy

NI

n—1
[Rallco < €ny NRalloe St [[Ha = Illeo <D €
=0

By interpolation inequalities we have

L—2—0c
[

fm o 240 1— 5t20
(8.17) |Rullcrs < Kol Rullgo” | Ralloh < e © <€l

Sl
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provided ¢ > 2(20+5). Here, and subsequently, we estimate various constants from above
1

by €, *. This can be done since ¢ is fixed, we can take ¢ small enough. We also have

n—1 1 o) ]
(8.18) [Hy = Illco < 3 €2 < 3 (1) < 2¢i.
=0 =1

Then (8.17) and (8.18]) allow us to use Proposition to obtain the new iterates R, 1,
fna1, wne1 and Hy,yq. Now we show that these iterates satisfy the inductive assumption

and establish appropriate convergence.
8.3. Inductive estimates and convergence.

3
We use Proposition M with ¢, = e, * and [ = /.
(1) C*f estimate for R,

30

|Rniillce € Kot ||Rullee + Ko < Kpen © (6,1 +1)

_1-8_3c _1-8 1
<en " <en =€,

provided ¢ > 247”.

(2) CY estimate for R41
[Rusilleo < K| Rullée + Kot | Rall e

148 ¢—2-N 2N+2
2 ) N

+ Kot 2| Rullos + | Rallo2™) 77 (7| Rulloe) =¥

9 _ 30410

) 3 1
< K€n £+ KfEnen

3(6-2) B8 5\ p_o_ 30
-1, O+ 35)A = \EG2N —F 12842
+ Kolen © €, +6n 2 YN (en e, )TN

(b) 9 _ 30410 9

L—2—N 2N+42

B 5
+2Kg(6;1+7)(1_7)) N (652) N

©
< €, = €p11-

Here in (a) we use interpolation inequalities:

=2 2 _5
(8.19) |Ballez < CllRallch [ Rullee < en” 5
in (b) we note that
Bya b By g 0 30

a+5p-35 2 1+5)a-3)
max{en, 2 Ylent €, =€ 2 s
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in (c) we use

9 _ 30410 148 14+ 8)y1—=38) t=2-N  _, 2N42 148
en ¢ <eén ?, (egl 2)( f)) an (e, ) TN <en 7,
provided
30+10 B B 5\({=2-N 2N+2 B8
2-27 2145, I+ -DFEy ) 25y 2 1+5,

By (8.16]) and the assumption all inequalities above are satisfied.

(3) C9° estimate for w,1: By interpolation inequalities we have

200+1

L=og g0 1—
||Rn||CUO S KZHRTL“COZ ||Rn||6€[ < En ¢

Hence we have

_ 30 1 _ 200+1 1
(8.20) |lwntillceo < Kto||Rullceo < Ken "en ¢ < €2,
provided
30 200+1 1
AN Il -
" 73

which is satisfied for £ > 2(5 max{og, 0} + 1).
(4) C° estimate for H,,1: By (8.17) we have

5+20 1 1

5420 n—1 1 1 n—1 1 n
|Hyiy — Illco < K||Rullco + |[Ho — Illco < Ken @ +Y @2 <ei+> =Y ¢
1=0 1=0 1=0

Consequently, we have
an:F[;iloﬁlglou-of{flofoﬁlon-oﬁnJrl
= ’Qr;lrl ofolLnn

Whereﬁi:[—wi, 1<1<n+1; and£n+1:ﬁlo---o -

1
2
i

Finally, (8.20) implies that £, converges in C?° topology to a C?° diffeomorphism H,

which is a conjugacy between f and A. By [dIL92l Theorem 6.3] and the choice of oy we

conclude that H is a C'* diffeomorphism.
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